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Abstract 

We establish the automorphy of some families of 2-dimensional representations of the absolute Galois 
group of a totally real field, which do not satisfy the so-called ‘Taylor-Wiles hypothesis’. We apply this 
to the problem of the modularity of elliptic curves over totally real fields Q 
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1 Introduction 

In this paper, we prove a new automorphy theorem for 2-dimensional Galois representations, and apply 
it to the problem of modularity of elliptic curves. We recall that Wiles first proved that all semi-stable 
elliptic curves over Q are modular by applying an automorphy lifting theorem to the Galois representations 
associated to their 3-adic and 5-adic Tate modules |Wil95) . In order to be able to do this, he first showed that 
for a semi-stable elliptic curve over Q, at least one of the associated mod 3 and mod 5 Galois representations 
satisfies a certain non-degeneracy condition (the so-called Taylor-Wiles hypothesis, as discussed below). 

More recently, Freitas, Le Hung and Siksek have used similar methods to study the problem of 
modularity of elliptic curves over general totally real fields |FLHS) . By studying certain modular curves, 
they show in particular that there are only finitely many non-automorphic elliptic curves over any given 
totally real field, which necessarily do not satisfy the Taylor-Wiles hypothesis at the primes 3, 5, and 
7. (They then study directly the rational points on these modular curves in order to prove the striking 
result that all elliptic curves defined over real quadratic fields are modular.) In this paper, we prove a new 
automorphy lifting theorem which does not require the Taylor-Wiles hypothesis to hold, and apply it to 
prove the following theorem, which cuts down further the list of possible non-modular elliptic curves: 
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Theorem 1.1 fTheorem 17.6p . Let F be a totally real number field, and let E be an elliptic curve over F. 
Suppose that: 

1. 5 is not a square in F; 

2. and that E has no F-rational 5-isogeny. 

Then E is modular. 

We deduce Theorem 11.11 from the following result: 

Theorem 1.2 fTheorem l7.5l) . Let F be a totally real number field, letp be a prime, and letQp be an algebraic 
closure ofQp. Let p : Gp —t GL 2 (Qp) he a continuous representation satisfying the following conditions. 

1. The representation p is unramified almost everywhere. 

2. For each place v\p of F, p|gf„ d,e Rham. For each embedding t : F ^ Qp, we have HT^(p) = {0,1}. 

3. The representation p is totally odd: for each complex conjugation c G Gp, we have detp(c) = —1. 

4-. The residual representation p : Gp —?> GL 2 (Fp) is irreducible, while the restriction 'p\cp^,.^^ is a direct 
sum of two distinct characters. Moreover, the unique quadratic subfield K/F of F{(jp) is totally real. 

Then p is automorphic: there exists a cuspidal automorphic representation tt of GL 2 {L^p) of weight 2 and 
an isomorphism l : Qp — > C such that p = r^ (tt) . 

(For our conventions regarding the Galois representations associated to automorphic forms, we refer 
to ^ below. When we say that an elliptic curve E is modular, we mean simply that for any prime p, the 2- 
dimensional Galois representation associated to the first etale cohomology group H^{F}p, Qp) is automorphic. 
We use the symbol Gp = Gsl{E/F) to denote to the absolute Galois group of the field F.) 

Theorem 11.21 is new even when F = Q, and can be viewed as a special case of the Fontaine-Mazur 
conjecture [FM95j which falls outside the cases covered by [KisOQa] . (Note that we need make no hypothesis 
of residual automorphy.) In loc. cit., Kisin proves the automorphy of suitable Galois representations under 
the assumption that the residual representation f : Gp ^ GL 2 (Fp) remains irreducible even after restriction 
to This so-called ‘Taylor-Wiles hypothesis’ goes back to the pioneering work of Wiles |Wil95] and 

Taylor-Wiles |TW95] . and the novelty of the present work is that we can prove a result without making 
this assumption. (If p is irreducible, but becomes reducible upon restriction to then it is necessarily 

induced from the unique index 2 subgroup oi Gp which contains Gp^^^y We thus say in this case that p is 
residually dihedral.) 

Methods. Skinner and Wiles have successfully removed the Taylor-Wiles hypothesis on p in the case where 
p is ordinary using Hida’s theory of ordinary automorphic forms, cf. |SW99| . |SW0I] . These automorphic 
forms fit into positive-dimensional p-adic families. Roughly speaking, by moving in a generic direction over 
weight space in these families one can replace p with a residual representation which does satisfy the Taylor- 
Wiles hypothesis. Similar techniques have recently been applied by Allen to prove automorphy theorems in 
the 2-adic residually dihedral case | All 14] . 

By contrast, the Galois representations that we consider are often (potentially) supersingular, and 
a good integral theory of variable weight p-adic automorphic forms is no longer available. We use a tech¬ 
nique which is inspired by works of Khare [Kha03j . [Kha04j . In the article [Kha04j . the author proves an 
automorphy lifting theorem by first proving an i? = T theorem with some additional ramification conditions 
imposed. These conditions are not satisfied by p, but they are satisfied by p modulo p^° for some Nq. In 
fact, by choosing these conditions carefully, one can force R = W{k) (i.e. the Witt vectors of a finite field) 
which immediately implies that i? = T. In particular, one shows i? = T in this instance without using the 
Taylor-Wiles argument. One can then apply Mazur’s principle (cf. [,Iar99j l to show that p mod p^“ appears 
in the etale cohomology of a modular curve at a fixed level N, independent of Nq. Taking the limit Aq —>■ oo, 
one finds that p itself appears in the etale cohomology of this modular curve, and hence itself is automorphic. 
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Our method is what one obtains upon re-introducing the Taylor-Wiles argument into Khare’s proof. 
The obstruction to applying the Taylor-Wiles argument when is reducible is the dual Selmer group 

of the adjoint representation ad°p. This is the group that we will denote 77^ y(ad° p(l)) below. We first 
show that by imposing auxiliary ramification conditions, one can kill off the troublesome part of the dual 
Selmer group. These conditions are again satisfied by p mod but not by p itself. (More precisely, we 
impose a Steinberg-type condition at places v such that = —1 mod , and p(Frobi,) agrees modulo p^° 
with the image under p of complex conjugation.) This ramification condition has the desired effect on the 
dual Selmer group only when c G Gk, where K denotes the field from which p is induced. This is the main 
reason for imposing the condition that K is totally real in the statement of Theorem 11.21 

Having killed off the dual Selmer group, we can prove an i? = T theorem using the techniques of 
Taylor, Wiles and Kisin, cf. |Kis09b) . This shows the automorphy of the representation p mod p^°. We 
can then use a version of Mazur’s principle to deduce from this the automorphy of the representation p. (In 
lowering the level, we also make essential use of an idea of Fujiwara S) 

Structure of this paper. We now describe the organization of this paper. In (12] below, we describe our 
conventions and normalizations. In (131 we prove a slight extension of a result of Boston, Lenstra and Ribet 
about 2-dimensional Galois representations that plays an important role in our version of Mazur’s principle. 
In (21 we study the cohomology of Shimura curves and their 0-dimensional analogues, and prove a result of 
‘automorphy by successive approximation’ ('Corollary 14.151) . 

In 3S1 we recall some elements of the deformation theory of Galois representations. We also carry 
out our analysis of the dual Selmer groups of the residually dihedral Galois representations described above 
and make some remarks about ordinary automorphic forms and Galois representations. (We caution the 
reader that we use the word ‘ordinary’ where some authors use ‘nearly ordinary’.) In (J2 we prove our i? = T 
type theorem. Finally, in ^Ilwe combine everything to deduce Theorems 11.11 and 11.21 


2 Notation and normalizations 

A base number field F having been fixed, we will also choose algebraic closures F oi F and Fy of Fy 
for every finite place v oi F. The algebraic closure of R is C. If p is a prime, then we will also write 
Sp for the set of places of F above p, Qp for a fixed choice of algebraic closure of Qp, and valp for the 
p-adic valuation on Qp normalized so that valp(p) = 1. These choices define the absolute Galois groups 
Gp = Gal{F/F) and Gp^ = Gal{Fy/Fy). We write Ip^ C Gp^ for the inertia subgroup. We also fix 
embeddings F ^ Fy, extending the canonical embeddings F ^ Fy. This determines for each place v oi F 
an embedding Gp„ —>■ Gp. We write Ap for the adele ring of F, and A“ = H^oo for its finite part. If 
is a finite place of F, then we write k{v) for the residue field at v, k{v) for the residue field of Fy, and 
Qv = 4j^k{v). If we need to fix a choice of uniformizer of Op„, then we will denote it Wy. 

If S' is a finite set of finite places of F, then we write Fs for the maximal subfield of F unramified 
outside S, and Gf,s = Gal(Fs/F); this group is naturally a quotient of G_f. If f ^ S is a finite place of F, 
then the map Gf„ —>■ Gp^s factors through the unramified quotient oiGp„, and we write Frob« € Gp^s for the 
image of a geometric Frobenius element. We write e : Gp —>■ Zp for the p-adic cyclotomic character; if u is a 
finite place of F, not dividing p, then e(Frob.u) = qy^. If p : Gp —>■ GL„(Qp) is a continuous representation, 
we say that p is de Rham if for each place v\p of F, p\gf„ is de Rham. In this case, we can associate to 
each embedding t : F ^ Qp a multiset HTr(p) of Hodge-Tate weights, which depends only on p|gf„ ; where 
V is the place of F induced by r. This multiset has n elements, counted with multiplicity. There are two 
natural normalizations for HTt-(p) which differ by a sign, and we choose the one with HT,-(e) = {—1} for 
every choice of r. 

We use geometric conventions for the Galois representations associated to automorphic forms, which 
we now describe. First, we use the normalizations of the local and global Artin maps Arti?^ : F^ —>■ 
and Artj’ : > Gl^ which send uniformizers to geometric Frobenius elements. If ?; is a finite place 

of F, then we write T:ecp„ for the local Langlands correspondence for GL 2 (Fj,), normalized as in Henniart 
[Hen93] and Harris-Taylor [HTOl] by a certain equality of e- and L-factors. We recall that recj’,, is a bijection 
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between the set of isomorphism classes of irreducible admissible representations tt of GL 2 (F„) over C and 
set of isomorphism classes of 2-dimensional Frobenius-semi-simple Weil-Deligne representations (r, TV) over 
C. We define reef (tt) = recj’^ (tt 0 | • Then reef commutes with automorphisms of C, and so makes 

sense over any field which is abstractly isomorphic to C (e.g. Q^). 

If r; is a hnite place of F and x ■ t is a character with open kernel, then we write 

St 2 {x ° Art ) for the inverse image under reef^ of the Weil-Deligne representation 

(^X® xl • I > Q 0 )) ■ 

If n = C, then we call St 2 = St 2 (l) the Steinberg representation; it is the unique generic subquotient of the 
normalized induction 0 | • jf [r,N) is any Weil-Deligne representation, we write (r, 

for its Frobenius-semi-simplification. If is a finite place of F and p : Gp^ ^ GL„(Qp) is a continuous 
representation, which is de Rham if v\p, then we write WD(p) for the associated Weil-Deligne representation, 
which is uniquely determined, up to isomorphism. (If v \ p, then the representation WD(p) is defined in 
[Tat791 §4.2]. If v\p, then the definition of WD(/ 9 ) is due to Fontaine, and is defined in e.g. |BM02l §2.2].) 

In this paper, the only automorphic representations we consider are cuspidal automorphic repre¬ 
sentations TT = (Si'^TTy of GL 2 (Ai 7 ’) such that for each w|oo, is the lowest discrete series representation of 
GL 2 (K) of trivial central character. (The one exception is in the proof of Lemma 17.31 1 In particular, any 
such TT is unitary. We will say that tt is a cuspidal automorphic representation of GL 2 (Ai 7 ’) of weight 2. 
If TT is such a representation, then for every isomorphism i : —>• C, there is a continuous representation 

r^{7T) : Gp ^ GL 2 (Qp) satisfying the following conditions: 

1. The representation rt( 7 r) is de Rham and for each embedding t : F ^ Q^, HTi-(p) = {0,1}. 

2. Let vhe a. finite place of F. Then WD(rt( 7 r)|( 3 p^ = rec|^^ (t“^ 7 r„). 

3. Let oJtt denote the central character of tt; it is a character uJt^ : F^\Af —>■ of finite order. Then 

detrt(7r) = e“^(,“^(w 7 r o Art)^^). 

For concreteness, we spell out this local-global compatibility at the unramified places. Let v \ p he a prime 
such that TTv = ig^^Xi ® X 2 , where xi,X 2 : F^ —>• are unramified characters and again denotes 

normalized induction from the upper-triangular Borel subgroup B C GL 2 . Then the representation rt( 7 r) is 
unramified at u, and the characteristic polynomial of irt( 7 r)(Frob^) is {X — q^^‘^xii'^v))iX — q^^’^x^f^v))- 
If , Sy are the unramified Hecke operators defined in 114.11 below, and we write for their respective 

eigenvalues on then we have 

{X - q^^^xii'!^v))iX - g^/^X 2 (w„)) = - tyX + qySy. (2.2) 

With the above notations, the pair ( 7 r,a; 7 r) is a cuspidal regular algebraic polarized automorphic representa¬ 
tion in the sense of [BLGGTT^ . and our representation r^{TT) coincides with the one defined there. On the 
other hand, if cr( 7 r) : Gp —>■ GL 2 (Qp) denotes the representation associated to tt by Carayol |Car 86 bj . then 
there is an isomorphism cr(7r) = r^{TT) 0 o Art)^^)“^. 

We will call a finite extension E/Qp inside Qp a coefficient field. A coefficient field E having been 
fixed, we will write O or Op for its ring of integers, k or kp for its residue field, and A or for its maximal 
ideal. If A is a complete Noetherian local O-algebra with residue field k, then we write 111^4 C A for its 
maximal ideal, and CNL^ for the category of complete Noetherian local A-algebras with residue field k. We 
endow each object R S CNLyi with its profinite (m/j-adic) topology. 

If F is a profinite group and p : F —>■ GL„(Qp) is a continuous representation, then we can assume 
(after a change of basis) that p takes values in GLn{0), for some choice of coefficient field E. The semi¬ 
simplification of the composite representation F —GL„(C>) —GL„(/c) is independent of choices, up to 
isomorphism, and we will write p : F —^ GL„(Fp) for this semi-simplification. 

If A is a coefficient field and p : F —>■ GL 2 (fc) is a continuous representation, then we write adp 
for Endfe(p), endowed with its structure of A:[r]-module. We write ad°p C adp for the submodule of trace 
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0 endomorphisms, and (if T = Gp) ad°p(l) for its twist by the cyclotomic character. If M is a discrete 
Z[G_F]-module (resp. Z[GF.s]-module), then we write H^{F,M) (resp. H^{Fs/F,M)) for the continuous 
Galois cohomology group with coefficients in M. Similarly, if M is a discrete Z[Gi;’„]-module, then we 
write H^{Fy,M) for the continuous Galois cohomology group with coefficients in M. If M is a discrete 
fc[GF]-module (resp. /c[G_F^ 5 ]-module, resp. fc[GF„]-module), then F[^{F,M) (resp. F[^{Fs/F,M), resp. 
H^{Fy,M)) is a fc-vector space, and we write h^{F,M) (resp. h^{Fs/F, M), resp. h^{Fy,M)) for the 
dimension of this fc-vector space, provided that it is finite. 

Suppose that a coefficient field E has been fixed. If M is a topological G-module (i.e. an O- 
module endowed with a topology making the natural map O x M ^ M continuous), then we define M'^ = 
lioma{M, E/O), the Pontryagin dual of M. If furthermore R is an G-algebra and M is an i?-module, then 
M'^ is naturally an i?-module: r G R acts by the transpose S Endc)(M^). 


3 A result on group representations of dimension 2 

Let E he a coefficient field, and let A G CNLo. We suppose given a group G and a representation p : G ^ 
Autyi(I/), where E is a free A-module of rank 2, such that p = p®A k is absolutely irreducible. We extend 
p to an algebra homomorphism p : A[G\ —>■ AutA(E), and write tr : A[G] —^ A and det : A[G] —>■ A for the 
maps obtained by composing p with the usual trace and determinant. 

Theorem 3.1. Let W be a finitely generated A-module, and let a : G ^ Aut^(IT) a representation such 
that for all g G G, a(g) satisfies the characteristic polynomial of p{g), i.e. the relation 

-itrg)a{g)+detg = 0 (3.1) 

holds in EndA(bP) for each g G G. Then there exists an A-module Uq and an isomorphism a = p®A Uq of 
A[G]-modules. 

In the case A = k, Theorem o is a well-known result of Boston, Lenstra and Ribet [BLR91) . We 
give a proof that follows |BLR91] . 

Proof of Theorem \3.1[ Let J C A[G] denote the 2-sided ideal generated by the elements — (tr g)g + detp, 
g G G, and R = A[G]/J; thus both a and p factor through the quotient A[G] —>■ R. By Morita equivalence, 
to prove the theorem it suffices to show that the natural map R —>■ End^(E) is an isomorphism. 

Let * : A[G] —>■ A[G] denote the A-linear anti-involution defined on group elements by g* = g~^ det p. 
Using the identities gg* = det p and g"^ — {tr g)g -h detg G J, we deduce that g -G g* = ti g mod J for all 
g G G, hence x x* = tix mod J for all x G A[G]. This implies that J = J*, and hence * descends to an 
anti-involution of R, which we denote by the same symbol. 

It follows that X -G X* = tree for all x G R. We now show that xx* = detx for all x G R. Indeed, we 
have for any x,y G R, {x-Gy){x-Gy)* = xx* +yy* -Gtrxy*, and the same identity holds for the images of x, y 
in EndA(U)- Consequently, the set {x G R \ xx* G A and xx* = detx} is stable under addition. It contains 
every A-multiple of an element p G G, so equals the whole of R. In particular, we see that an element x G R 
is a unit if and only if det x G A^ . 

We can now show that the natural map R —>■ End^(U) is an isomorphism. It is surjective, as 
follows from the lemmas of Burnside and Nakayama, so it is enough to show that it is also injective. Choose 
an element x G R such that p{x) — 0. Then x = —x*, hence yx = —yx* for all y G R. We also have 
xy* -Gyx* = trxy* = 0, hence yx = xy*. Applying this last identity repeatedly, we find that for any y, z G R, 
we have yzx = yxz* = x(zy)* = zyx, hence {yz — zy)x = 0. Consequently, Anna; = {r G i? | rx = 0} is a 
2-sided ideal of R which contains the set {yz — zy \ y, z G i?}. 

We thus see that the image of Annx in End^(U) is non-trivial, and contains all the elements ef—fe 
for e, / G End^(U). It follows from Nakayama’s lemma that the image of Annx in Endyi(U) actually equals 
End. 4 (U), and hence there exists w G Annx such that p{w) = 1. In particular, rc is a unit and wx = 0. This 
implies that x = 0, and completes the proof. □ 
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4 Shimura curves and Hida varieties 


Let F be a totally real number field. We write ti ,..., for the distinct real embeddings of F, and assume 
that d is even. In this section, we define Shimura curves and their 0-dimensional analogues which, following 
, we call Hida varieties. 

Let Q be a finite set of finite places of F. We fix for each such Q a choice of quaternion algebra Bq 
over F, as follows: 


• If #(5 is odd, then Bq is ramified exactly at Q U {r 2 ,..., r^}. 

• If is even, then Bq is ramified exactly at Q U {ti, ..., t^}. 


Thus Bq is uniquely determined, up to isomorphism. We also fix for each such Q a maximal order Oq C Bq 
and an isomorphism Oq 00 ^ YIv^Qoc^Fv — Y\v\Qoc Fv)■ We write Gq for the associated reductive 
group over Op', its functor of points is Gq{R) = (Oq ®Of R)^ . We thus obtain for each finite place v ^ Q 
of F an isomorphism Gq{Of^) = GL 2 {Of^)- 

Let u be a finite place of F. We define for each n > 1 a sequence of open compact subgroups of 

GUiOpJ 

Uo(vncUi(v^)cUl(v^), (4.1) 

where: 

• Uo(v^) = |(^ J ) mod 




a * 
0 d 


mod 


ad ^ = 1 


• and Ul(v^) 


1 * 
0 1 


mod XU 



If n = 1, then we omit it from the notation and write Uo(v) C Ui(v) C Ul(v). By abuse of notation, when 
V ^ Q we will use the same symbols to denote the open compact subgroups of GQ(Fy) induced by our 
identifications Gq(Of„) — GL 2 {Of^)- 

We now fix for the rest of (jHa finite place a of F satisfying > 4“^. In what follows, we will assume 
that our sets Q are chosen so that a ^ Q. This being the case, we now single out a convenient class of open 
compact subgroups of Gq(A“). We say that U C Gq(A“) is good if it satisfies the following conditions. 

• U = Uv for open compact subgroups Uy C Gq(Fu). 

• For each v € Q, Uy is the unique maximal compact subgroup of G(F„). 

• We have Ua = Ul{a). 


We will write Jq for the set of good subgroups U C Gq(A“). (Note that this set depends on the choice of 
auxiliary place a, and not just on Q; since the choice of a is supposed fixed, we omit it from the notation.) 


4.1 Hecke operators 

We continue with the notation of the previous section. Let Q be a finite set of finite places of F, with a ^ Q, 
and let U S Jq. If u is a finite place of F, then we write 'H(GQ(Fy),Uy) for the Z-algebra of compactly 
supported t7„-biinvariant functions / : G{Fy) —>■ Z. A basis of this algebra as Z-module is given by the 
characteristic functions \UvgvUy\ of double cosets, and the identity is the function \Uy\. The multiplication 
law is given explicitly as follows: if UygyUy = UihiUy and Uyg'yUy = Uih'jUy, then \UvgyUy\ ■ \Uyg'yUy\ is the 
characteristic function of the double coset Uihih(Uy. (This algebra structure is the same as the convolution 
algebra structure that results from the choice of Haar measure on G(Fy) that gives Uy measure 1.) 
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If M is a smooth Z[G'Q(F„)]-module, then is canonically a 'H{GQ{Fy), 17i,)-module. The action 
of the element [Uygyllv] can be given explicitly as follows: write U^gyUv = UihiUy. Then for any x G M^'", 

* X - 

We now define some elements of these algebras that will be of particular interest, li v ^ Q and 
Uy = GL2 {Of„), then we have Ty,Sy G 'H{GL2{Fy), GL2(Of„)) = 'H{GQ{Fy),Uy), where 

Ty = [GL2iOFj ( 5 ) GL2(OfJ] and Sy = [GL2(OfJ ^ GL2 (Of„)], 

and Wy G Of^ is a uniformizer. If z; ^ Q, and (w") C Uy C Uo{v^), then we write 

U. = [G. j ^ Uy]. 

It is an abuse of notation to denote elements of different algebras by the same symbol; however, if M is a 
smooth Z[Gq(F.u)]- module, then the action of commutes with all of the inclusions (n > m > 1): 




(For the justification of this fact, see [CHT081 §3.1].) If z; G Q, then Uy is the unique maximal compact 
subgroup of {Bq Gf (since 17 is a good subgroup, by assumption) and we have 'H{GQ{Fy),Uy) = 

Z[U„,U7^], where 

G"^, — [LTjZzj^ L7j] , 

and Wy G Oq Gof is a uniformizer. We note that Wy normalizes Uy, so the action of Uu on M^'’ is 
given simply by the action of Wy. 

The use of the symbol U„ is again an abuse of notation, which is justified by the following lemma. 

Lemma 4.1. Let v G Q, let x ■ Fy —t he an unramified charaeter, and let tt = St 2 (x), an irreducible 

admissible representation o/GL2(F7). Let JL(7r) = yodet denote the 1-dimensional representation ofGQ{Fy) 
associated to tt by the local J acquet-Langlands correspondence. Then 

reCp^TT) = ^X©X| • Q 0 )) ■ 

The Gy-eigenvalues on JL(7r)^’' coincide, and are both equal to the eigenvalue of Frob^ on 

rec|i^(7r)^=°. 

Proof. This follows from the definition (12.111 of St 2 (x) and a direct calculation: see the proof of [CHTOSl 
Lemma 3.1.5] and note that, in the notation there, we have St 2 (x) = Sp 2 (xl ‘ Gl 

Let TT be a cuspidal automorphic representation of GL 2 (Air) of weight 2. Let p be a prime and let 
I' ■ Qp —>■ C be an isomorphism, and let z; be a place of F dividing p. For each n > 1, the eigenvalues 

of the U„ operator on ^ lie in Zp. We say that Fy is z,-ordinary if there exists n > 1 such that 

L~^Fy^ ^ 0 and U„ has an eigenvalue on this space which is a p-adic unit, i.e. lies in Z^ . 

4.2 Hida varieties 

We now suppose that #Q is even. For each U G Jq, there is an associated finite double quotient: 

Xq{U) = Gq(T)\Gq(A^)/C/. 
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For any g G Gq(A^’°“), g ^Ug is also a good subgroup, and there is a map: 

Xq{U) ^ Xgig-^Ug) 

induced by right multiplication on G(A“). This gives rise to a right action of the group Gq(A^’°°) on the 
projective system of sets {Xq{U)}u^Jq. 

Lemma 4.2. Let U & Jq. For each g G Gq(A“), we have gGQ{F)g~^ fl G C F'^ C Gq(A“). 

Proof. We copy the proof of |Jar99[ Lemma 12.1]. Let 7 G Gq(F), u G U, and suppose that g"fg~^ = u. 
We define ^( 7 ) = — iiylj))/lyl-y) G F (where t, i/ denote reduced trace and norm, respectively). We 

must show that ^( 7 ) = 0. Since Gq(F®qR) is compact modulo centre, we have —4 < ^(^( 7 )) < 0 for each 
i = l,...,d, hence |N_f/qm(7)I < 4'^- 

On the other hand, we have Ua = Ul{a), which implies that /i( 7 ) = 0 mod We then see 

that either g,{^) = 0, or |Ni 7 ’/Q/r( 7 )| > Qa > 4^^. The latter possibility leads immediately to a contradiction. 
This completes the proof. □ 

4.3 Shimura curves 

We now suppose that ffQ is odd. We remind the reader that there are two possible conventions regarding 
the definition of canonical models of the Shimura curves associated to the group Gq ; the difference between 
these is discussed carefully in |CV051 §3.3.1]. In order that we can refer easily to |Car 86 b) . we follow the 
convention of Carayol |Car 86 aj , which we now describe. We fix an isomorphism Bq 0 f = M 2 (K.), and 
write X for the Gq{F (g)Q IR)-conjugacy class of the homomorphism h : S = Resp/RGm —t (R.es^/QGQ)R 
which sends z = x + iy G = S(M) to the element 

l) ,l,...,l^GY[GQ{F(^F,r.m- 

For each U G Jq, there is an associated topological space: 

Mq(G)(C) = Gq(F)\(Gq(A^)/G X X). 

According to the theory of Shimura varieties, there exists a canonical projective algebraic curve Mq{U) over 
F such that Mq{U){C) is its set of complex points (for the embedding ti : F ^ C). There is a natural 
right action of the group Gq(A^’°“) on the projective system {Mq{U){C)}u^Jq , given by the system of 
isomorphisms 

Mq{U){C) ^ MQ{g-^Ug){C). 

induced by right multiplication in Gq[M^). This extends uniquely to a right action of Gq(A^’°°) on the 
projective system {MQ{Uy\u^jQ of curves over F. For each prime p, we obtain a left action of this group 
on the etale cohomology groups: 

hm H\Mq{U)pMp)- 
U(^Jq 

For each U G Jq and for each isomorphism t : Qp —>■ C, we then have (cf. [CarSBbl §2]) an explicit 
decomposition of 'H(Gq(A^’°°), G“) 0 Qp[G_F]-modules: 

H^{Mq{U)p,Qp )0 (."ML( 7 r)^ 0 (r,( 7 r) 0 o Art^^)"^), (4.2) 

Tr^AQ{U) 

where Aq{U) denotes the set of cuspidal automorphic representations tt of GL 2 (Af) of weight 2 such that 
for each u G Q, is an unramified twist of the Steinberg representation, and JL( 7 r)^ 7 ^ 0. (Here JL denotes 
the global Jacquet-Langlands correspondence.) 












4.4 Integral models, case v ^ Q 

Let V ^ a he & finite place of -F, and let Q be a finite set of finite places of F, not containing v or a, and 
of odd cardinality. (The reason for using the notation Q is that we want to reserve the notation Q for later 
use as the enlarged set Q = Q U {u}.) 

Theorem 4.3. Let ^J-q denote the set of good subgroups U — C G'q(A'^) such that C/„ = GL 2 (Of„)- 

Let U € vJ-Q, and let U' = ]([^ be the subgroup defined by U'^ = Uw if w v and C/' = Uo{v). Then the 
morphisms 


M-q{U)f^ —>■ SpecF„ 

Mq{U')f, SpecF„ 

extend canonically to fiat projective morphisms 

i,Mq(C7) —>• SpecC>F„ 

„MQ(t7') —>■ SpecC>F„- 

Moreover, t,M^(C/) is smooth over Of„ , and is regular and semi-stable over Of„ ■ The actions of the 

group on the projective systems {M-Q{U)F„}uevJ-Q and {MQ{U')F„}u’evJQ extend canonically 

to actions on the projective systems {„Mq(C/)};7g„Jq and {yMQ{U')}ue„jQ- 

Proof. Let U € vJq- The integral models „Mq(C/) and „Mq([/') were constructed by Carayol in the case 
that the prime-to-u level IT^ is sufficiently small |Car86a] . It has been shown by Jarvis |Jar99[ Lemma 12.2] 
that a model with the desired properties can be constructed for any U £ ^Jq as follows: let V G ^Jq be a 
normal subgroup to which Carayol’s construction applies. Then „Mq(I/) is the quotient of the action of U 
on and similarly for (This uses the fact that Ua = Ul{a), in a similar way to Lemma 

14.21 ') To show that „M^(C/') is semi-stable over we must check l |dJ96[ 2.16]) that the special fiber 
„M77(t7')K('„'i is reduced and that its irreducible components intersect transversely. This follows directly from 

tl.e®,LLof|Eag§10,12|. □ 

Let Q = QLI{v} and let U = ]([^ G vJq- We now define good subgroups u' = Hu, C Gq(A|^) 
and U = Hu, Uw C Gq(A'^) by the following formulae: 

• then Uw = = Uw 

• If w = u, then = Uo{v) and Uu, is the unique maximal compact subgroup of GQ{Fy). 

We now describe the geometry of the special fiber „Mg(G^)K(„) of „Mg(G^). (We recall, cf. ]]2l that k{v) 
is the residue field of the fixed algebraic closure F„.) The special fiber „Mg(G^)„(„) is reduced, because 
„Mg(G ) is semi-stable over Of„. If G G vJq, then we write „Mg-(G )„(„) for the normalization of this 
special fiber, and Singg(G) for the set of singular points of the special fiber. 

Proposition 4.4. There is an isomorphism of projective systems of smooth K,(y)-schemes with right G^(A^’“’°°)- 
action 

{l,Mg(G )K(ll)}j7g^ J-_ = {t'bfIg(G)K(j,) U i;Mg-(G)„(„)}jJg^ j-_. 

Similarly, there is an isomorphism of projective systems of sets with right action 

{SmgQ(G)}yg^j_ = {JfQ(G)}yg^j_. 

Proof. The first part follows from |Jar99[ Theorem 10.2] and |Jar99[ Lemma 12.2]. The second part follows 
from the determination of the set Singg(G) in terms of supersingular points; see |Car86a[ §11.2]. □ 
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4.5 Integral models, case v E Q 

Let V ^ ahe a. finite place of F, and let Q be a finite set of finite places of F with v G Q but a ^ Q, and of 
odd cardinality. In this case, integral models of the curves Mq{U) over can be constructed using their 
uniformization by the w-adic Drinfeld upper half plane, as we now describe. 

Let F denote the completion of the maximal unramified extension of Fy inside Fy , and let O denote 
its ring of integers. The F„-adic Drinfeld upper half plane is a formal scheme over Spf (!If„ , formally locally 
of finite type, and with connected special fiber. It is equipped with a left action of the group PGL 2 (F„); see 
[BC91] . We write —>• Spf O for the base extension to O, and define 

M = n%x [{Bq Fy)^/{OQ OfJ^] . (4.3) 

(As a formal scheme over Spf O, M. \s thus isomorphic to a countable disjoint union of copies of Let 

Q = Q — {u}. We have already fixed isomorphisms Gq{Ap’°°) = GL 2 (A^’°°) and Gg(A^’°°) = GL 2 (A^’°°); 
we now hx an isomorphism Gq(A^’°°) = Gq(A^’°°) compatible with these identifications. 

The reduced norm gives an isomorphism {Bq (Sip Fy)^/{O q ®Of — Fy /Op^, and we let 

Gq{Fv) = GL 2 (F„) act on Ai on the left via its usual action via PGL 2 (Ai,) on the first factor, and by the 
determinant and this isomorphism on the second factor. We make Gq(Au) = {Bq (Df Fy)^ act on Ai on the 
right via the trivial action on the first factor, and by multiplication on the second factor. 

Theorem 4.5. Let U G Jq. {Thus Uy = {Oq®Of^f^)^ ■) Then the morphism Mq{U)p —>■ SpecF extends 
canonically to a flat projective morphism yWlQ{U) —> O with „Mq([/) regular and semi-stable over O, and 
there is an isomorphism of formal schemes over SpfG; 

,Mq(C/) - Gg(F)\(M X Gq(AP“)/C/"). (4.4) 

{On the left hand side, the hat denotes Wy-adic completion.) There is a canonical right Gq{A'^°°)- action on 
the projective system {i,MQ([/)}( 7 ejQ of O-schemes, extending the action on {MQ{U)p'\ir^jq, and making 
the system of isomorphisms o Gq ( A^’ °“) - equivariant. 

It follows from Lemma [4.21 that the quotient (14.41) can be formed in the following naive sense. It is 
a finite disjoint union of quotients of the form r\f2g, where P C G-q{F) is a subgroup whose image P in 
PGL 2 (Pj,) has the following property: the formal scheme Dg has a covering by Zariski opens Lti such that 
for all 7 G P, if D 0, then 7 = 1 . Compare [ThoI4l Lemma 3.2]. 

Proof of Theorem \4.5\ See [BZ95i Theorem 3.1], and the remark immediately afterwards. We caution the 
reader that this reference uses the opposite convention for the definition of the curves AIq{U), cf. the 
discussion at the beginning of 1)4.31 However, one can easily check using the results of |CV051 §3.3.1] that the 
two projective systems of curves over F with GQ(A“)-action become isomorphic over F, so the results of 
[BZ95j apply without modification. For this reason, we do not make any assertion about the compatibility of 
descent data on either side of the isomorphism (14.41) . The scheme „MQ(t7) is semi-stable over O because the 
formal scheme has a reduced special fiber, with irreducible components which intersect transversely. □ 

We write BT for the Bruhat-Tits tree of the group PGL 2 (Fi,); it is an infinite tree with PGL 2 (Fi,)- 
action, with vertex set BT(0) equal to the set of -lattices M G Fy, taken up to -multiple. Two 
homothety classes [Mg] and [Mi] are joined by an edge if and only if we can choose representatives Mg, Mi 
such that Mg C Mi and [Mg : Mi] = qy. The irreducible components of the special fiber of are in 
canonical bijection with the set BT(0). Consequently the irreducible components of the special fiber of Ai 
are in bijection with the set BT(0) x GL 2 (Fu)/GL 2 (F„)°, where GL 2 (Fu)° C GL 2 (Fu) is the open subgroup 
consisting of matrices with determinant in Op^ C F)f. Moreover, this bijection is GL 2 (F„)-equivariant. 

If G G Jq, we write IrrQ(G) for the set of irreducible components of the special fiber „Mq(G)„(„). 
We write U = Hu, Uyj C Gq(A“) for the good subgroup with Uy, = Uy, ii w ^ v and Uy = GL 2 (Gf„)- 
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Corollary 4.6. There is an isomorphism of projective systems of sets with right action: 

{1itq{U)}u^Jq = {Xq{U) U Xq{U)}u^Jq- 

Proof. By the above, there is a natural bijection 

IrrQ(C7) ^ Gq(F)\(BT(0) x GL 2 (F,)/GL 2 (F„)° x Gq(A"’“)/C/"). 

The group GL2{Fy) has two orbits on the set BT(0) x GL2{Fy)/GL2{Fy)°, representatives being given by 
1) and {Op^ , diag(cc7^, 1)). Both of these points have stabilizer GL 2 (G_f„), so we obtain an isomorphism 

Ittq{U) - Gq(A)\((GL 2(A„)/C7„)2 X GQ(AP“)/r). 

It is easy to see that this system of isomorphisms is G^(A^’’'’°°)-equivariant, and we therefore recover the 
statement of the corollary. □ 

4.6 Hecke algebras and modules 

Let Q be a finite set of finite places of F not containing a. We now fix a prime p and a coefficient field E for 
the rest of SI define collections of Hecke algebras and modules for these algebras with G-coefiicients. 
Let 5” be a finite set of finite places of F containing Q. We write for the polynomial algebra over O in 

the infinitely many indeterminates Ty, Sy for all finite places v ^ S of F. We write for the polynomial 

algebra over in the indeterminates Ut,, v G Q. Thus 

Let U G Jq. If ffQ is odd, then we define FIq{U) = F{^{Mq{U)p^,0). If ffQ is even, then we 
define Hq{U) = F[^{Xq{U),0). In either case, Hq{U) is a finite free G-module. Let S' be a finite set of 
places of F, containing Q, such that for all v ^ S, Uy = GL 2 (Gf„)- Then the Hecke algebra acts on 

F[q{U), each Hecke operator Ty, Sy {v ^ S) or {v G Q) acting by the element of the local Hecke algebra 
'H{GQ{Fy), Uy) of the same name. 

If ffQ is odd, then this action commutes with the action of the group Gf, and the Eichler-Shimura 
relation holds: for all finite places n ^ S U Sp of F, the action of Gf„ is unramified and we have the relation 

Frob^ -Sf^Ty Frob„ FqySf^ = 0 (4.5) 

in FndoiHQ{U)). This can be deduced from local-global compatibility and the decomposition (14.21) . but of 
course a more geometric version of this statement plays a key role in the proof of (14.2^ : see |Gar86b[ 1.6.4]. 
(Gompare also the corresponding relation (12.21) for the representations r^{TT).) 

If M is any T^’'^"'''-module, then we write T^(M) for the image of in Fndo(M). If M is 

a Tg'^""'-module, then we define Tg(M) similarly. We note in particular that if C/ C Gq(A“) is a good 
subgroup, then (regardless of the parity of Q) the algebras {Hq{U)) and Tq{F[q{U)) are reduced and 
G-torsion free. 

Let m C be the kernel of a homomorphism —>■ k', where k'/k is a finite extension. If 

m is in the support of Hq{U) for some Q and some U G Jq (equivalently: if the image of m in {F[q{U)) is 
not the unit ideal) then there is an associated semi-simple Galois representation 'p^ : Gf ^ GL 2 (T'^’™"'/m), 
uniquely determined up to isomorphism by the following relation: for all v S'US'p, is unramified, and 

Pp,(Frobt,) has characteristic polynomial — G (T'®’™"'/m)[X]. If is absolutely reducible, we 

SBN that m is Fisenstein; otherwise, we say that m is non-Fisenstein. If m is the kernel of a homomorphism 
Tg —>■ k', we say that m is Fisenstein (resp. non-Fisenstein) if m D is Fisenstein (resp. non- 

Fisenstein). In particular, in either case there is a Galois representation valued in GL 2 (Tg““"'/m). 

Proposition 4.7. Let he odd, and let m C {Hq{U)) be a non-Eisenstein maximal ideal. Then we 
can find the following data. 

1 . A continuous representation pm : Gf —>■ GL 2 (T‘^(iLQ( 17 ))m) lifting p^ and satisfying the following 
condition: for each finite place v ^ SUSp of F, Pmlcp^ is unramified, and prn(Frob„) has characteristic 
polynomial 

X^ - TyX + qySy. 
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2. A finite {HQ{U))m-'module M, together with an isomorphism of {HQ{U))m[GF]-modules 

HQ{U)m — Pm ®TS(Hq(C/))„ (edetpm)“^ ®TS(Hq(C/))„ M 

Proof. The existence of pm follows from a well-known argument of Carayol; see [Car94[ §2]. For each 
V ^ S U Sp, {pm (cdet prn)~^)(Fi'ob„) has characteristic polynomial — Sf^TyX -\- q^Sf^. 

The second part of the proposition now follows from the Chebotarev density theorem, the Eichler-Shimura 
relation (|4.5I) and Theorem 13.II □ 

4.7 Relations between Hecke modules 

Let Q be a finite set of finite places of F not containing a. Let u £ Q be prime to p, and define Q = Q — {u}. 
IIU = Hu, Uw G Jq, then we define U = 0^, Uw, u' = 0^, ^ Jq by the following formulae. 

• li w V, then Uw = U.^ = Uw 

• Uv = GL 2 (C>f„) and = Uq(v). 

Let m be a non-Eisenstein maximal ideal of which is in the support of Hq{U), and let m = 

In this section, we discuss relations between the modules F[q{U) and Hq{U). 

Theorem 4.8. Suppose that is even. Then there is an exact sequence of -modules, finite 

free as O-modules: 

0 ^ Hq{U)^ ^ HQiu'Yrf" ^ Hq(U)1 ^ 0. (4.6) 

The action o/Frob~^ on HQ{U)m is equal to the action o/U„; the action o/U„ G on the middle 

term in the sequence is by the element of TL{G-Q{Ffij,Uf) of the same name. Furthermore, for any > 1 
the natural map 

HQ{u')m^ Go O/X^ ^ {Hq(u'u Go O/X^Y^^ 

is an isomorphism. 

Remark 4.9. Before giving the proof of Theorem 14.81 we clarify the meaning of the TQ'^""'[GF„]-action 
on the terms of the exact sequence (14.61) . In the course of the proof, we construct an exact sequence of 

T S.univ 1 1 

^ -modules: 

0 ^ Hq{UU ^ ^ Hq{U)^ ^ 0. (4.7) 

So far, we have defined an action of on the first and second terms, and an action of 

on the second and third terms. The second arrow is GF„-equivariant, so there is an induced Gj’^-action 
on the first term. Similarly, we will show that the first arrow is equivariant for the action of U^,, so that 
there is an induced action on the third term, and the sequence (14.71) becomes an exact sequence of 

TQ““''[G_F„]-modules. Localizing further at the maximal ideal m, we obtain the desired sequence (14.61) . 

Proof of Theorem \4.8\ We use the theory of vanishing cycles, following the summary of |RajOI[ §1]. Let 
A = O or O/X^. Let X SpecGi?„ be a flat projective curve, with X regular and semi-stable over Op^. 
Then is reduced; let E denote its set of singular points. We write i?4>A and R^K for the complexes of 
nearby and vanishing cycles, respectively, on There are two exact sequences, the specialization exact 

sequence: 

0-- A)(I)-- H\Xy^,K){l) ©.6e(R'$A),(I) (4.8) 

-- -- HYXp^,A)il) -- 0 ; 
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and the cospecialization exact sequence: 


(4.9) 


0 - 

-- i?4-A) i?vI/A)-- A) 


0 . 


(Here ^k(«) denotes the normalization of A'k(„).) Moreover, there is a commutative diagram: 




N 




^ image (3^ 

A* 

■ coimage jS' ■ 


©,,6Ei?l$(A),,(l) 

©Afx 


(4.10) 


(For the definitions of the various arrows here, we refer to |Raj01[ §1]. The arrow we have denoted /r is 
denoted by A in this reference.) Taking A = O, we define the ‘component group’ 4> = coker a finite 
group. There is a short exact sequence (cf. |Raj01[ Proposition 4]): 

0- ^H\X,^,),0/\^) ---4>[A^](-1)--0. (4.11) 

We now take X = ^Mq({7^), which is allowable by Theorem 14.31 The sequences (|4.8I1 and (14.91) become 
exact sequences of T^“"’''-modules. Moreover, the only maximal ideals of in the support of the 

modules i7^(ArK(„), A) and A) are Eisenstein (cf. |Jar991 §18]) and the operators A^a, in (14.101) are 

isomorphisms of free A-modules (as X is regular, cf. |Raj01[ §1.1]). In particular, the component group $ 
vanishes after localization at m and the natural maps 

are isomorphisms. This establishes the final assertion in the statement of the theorem. 

Let r : —>■ denote the normalization map; it is an isomorphism away from the subset 

E C Xni^yy We consider the sheaf T of free A-modules defined by the short exact sequence: 

0-^A-^r*r*A--^0. (4.12) 

Taking the long exact sequence in cohomology, we obtain: 


0-- Lf" (X,(„), A)-- AfO (X,(„), A)-- AfO(X,(„), T) 

-- Afi (X,(„), A)-- Afi (X,(„), A)-- 0. 


(4.13) 


We have H'^{Xf^r^yT) = Hq{U), by Proposition l4.4l Localizing the exact sequence (14.131) of modules 

at the maximal ideal m, we obtain the short exact sequence: 

0- ^Hq{U)^ --%(C7')w”---0- (4-14) 

To complete the proof of the theorem, it remains to check that the first arrow in the sequence (14.1411 is 
equivariant for the action of U^, and that Frob”^ acts as on its image. Having done this, the exact 
sequence of the theorem will be obtained by localizing at the maximal ideal m C (It is possible to 

write down explicitly the induced action of U„ on the third term of the sequence, but since we won’t need 
this we don’t do it. For a similar calculation, see |Rib90[ Lemma 1].) This check can be carried out after 
inverting p, and the desired result now follows from the calculations of |Car86b[ §5-6]. (Strictly speaking 
this reference assumes that the set Q has at most 1 element, but the results are the same provided that 
V ^ Q.) □ 
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We learned the following theorem from the unpublished work of Fujiwara El- 
Theorem 4.10. Suppose that is odd. Then for any N >1, there is a map of -modules 

{HQ{U)m <S)o ^ Hq{U)1 o/x^, 

with kernel contained in the submodule 

Hq{uYy- O/X^ C {Hq{UU o/x^Y^-- 

The action o/Frob~^ on this kernel equals the action o/U„. 

The action of on Hq{U)‘^ will be defined in the proof. 

Proof of Theorem \4-PA Let F denote the completion of the maximal unramified extension of inside F ^, 
and let O denote its ring of integers. Suppose that / : X —>■ (5 is a flat projective morphism, with X regular 
and semi-stable over O. Then there are exact sequences for A = O or A = O/X^ (cf. E Lemma 3.8]): 

0^HYXj,A){-1)i^^ ^ H\Xp,k) ^ HYXj.AY^^ ^ 0; (4.15) 

and (if J denotes the set of irreducible components of Ar„(^)): 

0 ^ H\X,A) H\Xp,A) A)(-l). (4.16) 

YeJ 

Indeed, the first exact sequence is part of the Hochschild-Serre spectral sequence for the covering X-^ Xp. 
For the second, it suffices to treat the case A = O/X^. For each Y £ J, let be a geometric point of X above 
the generic point of W®®. Then there is a canonical isomorphism (Spec FracOjv.^y, A) = 71°(y''®s, A)(—1). 
By the Zariski-Nagata purity theorem |Nag62[ Theorem 41.1], a A-torsor T ^ Xp extends over X if and 
only if it extends over Specfor each Y G J, if and only if its image in 71^(SpecFracOjf,^y,A) is 
trivial; and if this extension exists, then it is unique. This implies the exactness of (I4.16p . 

We apply this with X = yM.Q{U), the regular model of Mq{U)p defined in Theorem 14.51 The 
sequences (14.151) and (14.1611 then become exact sequences of T^'^""'-modules. Moreover, we have 

il°(Xj,A)w = 0 

(again by [,lar991 §18]) and 

Y[ H°{Y'^^<i,0) ^ Hq{uY 

YeJ 

(by Corollary 14.61) . We obtain for any > 1 a commutative diagram with exact rows: 


0 - ^HYMq{U),0)^ - ^Hq{uYx^ - 



0-- iMQ{U),0/X^)rn {Hq (t/)w O/X^Y^'’ -- Hq{U)^ O/X^ 


(4.17) 


Since the operator U^, on Hq{U) is induced by an automorphism of „MQ(t/), this is in fact a diagram of 
Tg““''-modules, where the action of on Hq{U)‘A is defined via the isomorphism Hygj O) = 

Hq{UY- (The exact sequence (14.161) is functorial in automorphisms of X.) The map of the theorem is 
obtained from the bottom row after localizing at the ideal m of this algebra. 

To hnish the proof of the theorem, we must show that image v C image /i, or even that a is surjective. 
By the proper base change theorem, we have an isomorphism 

HY^MQiU), O)^ („Mq(!/),(„), O)^, 

and this group is O-torsion free. This implies that a is surjective. □ 
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4.8 Level-raising 

We now fix a finite set R of finite places of F of even cardinality, disjoint from 5'p U {a}, and a good subgroup 
^ ^ rim ^ ^R- (We allow the possibility that R may be empty.) We also fix another finite set Q of finite 
places of F satisfying the following conditions. 

• Q n (Sp U {a} U i?) = 0. 

• For each w € Q, mod p and = GL 2 (C>f„)- 

• is even. 

If J C Q is a subset, then we define a subgroup Uj = C/ym C G/{uj(A“) by the following formulae. 

• If w ^ J, then Uj^w = Uw 

• If w G J, then C/ym is the unique maximal compact subgroup of GRyjj{Fyj). 

Let S' be a finite set of finite places of F containing Sp U i? U Q and the places such that Uw 7 ^ GL 2 (Of„)- 
Let m = Tn 0 C be a non-Eisenstein maximal ideal which is in the support of FLjiiJJ). Thus 'p^ is 

absolutely irreducible, and for each u G Q, PmlGF„ is unramified. After enlarging the coefficient field E, we 
can assume that for all u G Q, the eigenvalues ay,l3y of p,.f,(Frobi,) lie in k. We now make the following 
additional assumption: 

• For each v € Q, /Syjay = qy. 

In other words, satisfies the well-known level-raising congruence at the place v. Because of our assumption 
qy ^ 1 mod p, ay and are distinct. We remark that if = — I mod p then the roles of ay and /3„ could be 
reversed. This will be the case in applications, and we emphasize that our labeling of ay and jSy represents 
a fixed choice in this case. 

Lemma 4.11. For each subset J G Q, let mj C Jg ihg maximal ideal generated by mg and the 

elements Ut, — a„, v € J. (This makes sense since X C m.) Then mj is in the support ofFdnyjjiUj). 

Proof. Choose an isomorphism t : Qp —>■ C. The existence of m implies the existence of a cuspidal automor- 
phic representation tt of GL 2 (Air) of weight 2 , satisfying the following conditions. 

• There is an isomorphism ri( 7 r) = 

• For each hnite place v ^ R of F, 7 ^ 0. For each v G R, TTy is an unramified twist of the Steinberg 
representation. 

To prove the lemma, it is enough to show the existence of a cuspidal automorphic representation tt of 
GL 2 (A/ 7 ’) of weight 2 , satisfying the following conditions. 

• There is an isomorphism ri( 7 r) = 

• For each finite place v ^ i?U J of F, 7 ^ 0. For each place v G i?U J, there is an unramified character 
Xv ■ Ff^ ^ such that = St 2 (x«)- 

• For each v G J, is congruent to ay modulo the maximal ideal of Zp. (Compare Lemma I4T1 1 

Let us say that a cuspidal automorphic representation tt satisfying these 3 conditions is J-good. We will 
prove by induction on ffj that there exists a J-good tt. More precisely, suppose that #J is even, and let 
S Q — J be distinct elements. We will establish the existence of a J U {z;o}-good representation ttq, 
and a J U {uq, wi}-good representation tt. 
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We first show that there exists a representation ttq which is J U {?;o}-good. Let Uj = U'j,. be 

the open compact subgroup of G'i{uj(A“) defined by U'j,^ = Uj^v ii v ^ vq, and Uj,^^ = Uo{vo)- There is a 
natural degeneracy map 

* : HRuj{Uj)mj HuujiUj)mj 

) si. 


The map i is injective, even after tensoring with this is the analogue of Ihara’s lemma in this context, 

cf. |SW99[ Lemma 3.26]. The image of i is preserved by the operator which acts on this image by the 
matrix of unramified Hecke operators 

^^0 <ivoSvo ^ 

Moreover, there are natural perfect pairings {■,-)uj and (•,•)[/', on Hinjj{Uj)mj and writing 

i* for the adjoint of i with respect to these pairings, we have (cf. |Tay89[ Lemma 2]) 


• 5 (! 

I 0 2 = 


<Z«o +1 
T 

Vo 


G-lrp 

Qvo + 1 


(4.19) 


The determinant of this matrix is + 1)^ — which is topologically nilpotent on Hj{Uj)mj- It 

follows that i* o i is not surjective. Since the image of i is saturated, this implies the existence of a cuspidal 
automorphic representation ttq satisfying the first 2 points in the definition of J U {uoj-good, and satisfying 
the third point for each v € J. If Qy^ ^ ~ 1 mod p, then it is immediate that the third point also holds for 
V = Vq. We therefore now assume that Qy^^ = — 1 mod p. After possibly enlarging E, we can assume the 

existence of a Tj’^'Aeigenvector / e iL_Ruj(f7j)mj - AiLi{uj(t^j)mj- _ _ _ 

Let / denote the image of / in HfujjiUj) (8)o k, and let g = i{ayf, —/). Since Ty^f = 0, we have 
i*g = 0. On the other hand, it follows from the expression (I4.18|) that Uj,(,p = ay'g. Writing g G image i 
for an arbitrary lift of g, it follows that {g,x)iji^ G X for all x G image i. Let tt G O he a, uniformizer, and 
let h G HRyjj{Uj)mj be an element such that {h,x)iji^ = Tr~^ {g, x) for all x G image i. Then g — irh is in 
the orthogonal complement of the image of i (in other words, the new subspace of Lf_Ruj(lAj)mj)- It follows 
from the Deligne-Serre lemma |DS741 Lemma 6.11] that after possibly enlarging E once more, we can find a 
Tj^^^^}-eigenvector g' in the new subspace with Hecke eigenvalues lifting those of g. The form g' generates 
an automorphic representation of Gihjj{^f) whose Jacquet-Langlands image on GL 2 (Air) has the desired 
properties. This establishes the existence of ttq. 

We now no longer make any assumption on qy^ (except for our running assumption in this section 
that qyg ^ 1 mod p). The existence of a J U { uq , r’lj-good tt now follows from the argument of |Raj01[ 
Theorem 5], applied with p = uq and q = r;i. We note that in the context of loc. cit., the set J is empty, 
but this plays no role in the proof. The assumption that p,„(Frobi,j) is conjugate to the image of a complex 
conjugation is also superfluous, as it is used only to ensure that the level-raising congruence is satisfied at 
the place vi. □ 


Proposition 4.12. With notation as above, we have: 

1 < dim.k{HiiuQiUQ) Go k)[mQ] < 4*^ diTak{HR{Uii,) Go 

Proof. The lower bound follows immediately from Lemma 14.111 applied with J = Q. We now establish the 
upper bound. By induction, it suffices to establish the following claim. Let J C Q be a non-empty subset, 
V G J, and J = J — {u}. Then we have: 

diTnk{HRuj{Uj) Go k)[mj] < 4dimfe(iJ^^jj(C/j) Go fc)[nrj]. 

We prove the claim, splitting into cases according to the parity of #J. We suppose first that ffj is odd. 
Then there exists, by Theorem 14.81 an exact sequence 

0 ^ {Hnuj{UjU, Go k)[mj] ^ Go fc)'"" [mj] ^ Go A:)[mj], (4.20) 
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where C/4 = TT,,, Ul. satisfies Ul, = U-j unless w = z), in which case C/4 = C/nfw). By Theorem 13.II and 
the Eichler-Shimura relation (14.51) (cf. ProDOsition l4.7|) . ®c> fc)[Taj] is isomorphic to a direct 

sum of copies of ( 8 ) (edetp„)“^ as fc[G'F]-module. Since is unramified, we can rewrite (14.201) as 

follows, replacing the third term by a possibly larger A:[C?f’]-module: 

0 ^ ^ ®o fc)[mj] ^ {H®o fc)[m7], (4.21) 

where Frob^^ acts as the scalar on the first term. Comparing the dimensions of the eigenspaces of Frob))^ 
in the terms of the exact sequence (14.211) . we obtain 

A\vcLk{Hinjj{Uj)mj fc)[mj] < dimfe(iJ^^jj(C7y)mj Oo 

= dimfc(iJ^^jj(C/j)naj ®o 
< dimfc(iJ^^j(C/j)^_ ®o 

= i dimfc(iJ^LJj(^7)m7 ®o 
= dimfe(iJ^^7(C/7)nx^ ®o 

which proves the claim in this case. 

We now suppose that #J is even. By Theorem 14. 101 there is a map 

(HRujiUjUj ®o [mj] ^ {HR^jiUjUj kY[mj], (4.22) 

with kernel contained in the submodule 

{HRuj{UjYmj < 8)0 fc)[nxj] C {HR(jj{Uj)mj ®o kY^^ [mj], 

on which Frob))^ acts by the scalar Ui, mod mj = a„. By assumption, Pmlcp,, is unramified. By Theorem 
ixn we thus have 

{HRuj{Uj)mj <8io kY^"" [iTij] = {HR^j{Uj)mj fc)[nrj]. 

We see that the ( 7 “^Q:„-eigenspace ofFrob^^ in iHRuj{Uj)mj®ok)[mj] injects into (/Cfluj(C/j)nij< 8 ic>fc)^[tnj], 
and thus 

dimfe(/Cfluj(C/j)mj Oo ^)[m,7] = 2 dimfe(/Cfluj(C/j)mj Oo fc)[mj]^™‘’’’ 

< 2dimfe(iJ^^j7(C/j)mj Oo kfimj] 

< 2dimfe(iJ^LJj(t^7)mT kY[m-j] 

= ( 8)0 k)[mj]. 

This establishes the claim in this case, and completes the proof. □ 

The method of proof of Lemma [4.111 easily yields the following variant. We omit the proof. 

Lemma 4.13. Let a C Sp, let l : Qp C he an isomorphism, and let tt be a cuspidal automorphie 
representation o/GL 2 (Af) of weight 2 which satisfies the following eonditions. 

• The residual representation rYir) is irreducible. 

• IfvGa, then iTy is t-ordinary and ^ 0. 

• If V € Sp — a, then iTy is not L-ordinary and Hy is unramified. 

• If V G R, then 7r„ is an unramified twist of the Steinberg representation. 

• If V = a, then ^ 0. 


17 











• If V ^ Sp U RU {a} is a finite place of F, then 7r„ is unramified. If v € Q, then the eigenvalues 
ay, fly G Fp o/r^(7r)(Frob«) satisfy /?„/«„ = 

Then there exists a cuspidal automorphic representation tt' of GL2(A/7’) of weight 2 which satisfies the 
following conditions. 

• There is an isomorphism ri(7r) = rt(7r'). 

• Ifv€a, then ir'y is t-ordinary and ^ 0. 

• If V € Sp — a, then ir'y is not L-ordinary and ir'y is unramified. 

• If V G RUQ, then ir'y = St 2 (xij) for some unramified character Xv ■ Fy If v € Q, then 

c~^Xv('<^v) is congruent to ay modulo the maximal ideal ofZp. 

• Ifv = a, then ylQ. 

• Ifv^SpURUQU {a} is a finite place of F, then 7r(, is unramified. 

4.9 Level-lowering mod 

We now fix again a finite set R of finite places of F of even cardinality, disjoint from S'p U {a}, and a good 
subgroup U = Hu) Uy, G Jr. If Q is any finite set of finite places of F, disjoint from Sp U {a} U R, and such 
that for each v £ Q, Uy = G\j 2 {Of„), then we define a good open compact subgroup Uq = ]d„ Uq^y G JruQ 
by the following conditions. 

• liv^Q, then Uq^y = Uy. 

• If u G Q, then Uq^y is the unique maximal compact subgroup of GR\jq{Fy). 

Let S' be a finite set of finite places of F, containing Sp, and such that for all v ^ S, Uy = GIj 2 {Of„). We 
suppose given a non-Eisenstein maximal ideal m C which is in the support of Hr{U). 

Theorem 4.14. Fix an integer N > 1, and a lifting of to a continuous representation p : Gf —>■ 
GL2{0/X^). We assume that p satisfies the following properties: 

1. p is unramified outside S. 

2. There exists a set Q as above, of even cardinality, and a homomorphism f : {IlRuq{Uq)) —>■ 0/\^ 

satisfying: 

(a) For each v £ Q, Qy ^ 1 mod p. 

(b) For every finite place v ^ S UQ of F, we have f{Ty) = tr/9(Frobt,). 

(c) Let I = ker/. Then {IlRuq{Uq) Go G/X^)[I] contains a submodule isomorphic to O/X^. 

Then there exists a homomorphism f : T^'^^{IIr{U)) —>■ O/X^ such that for all v ^ S U Q, we have 
f{Ty) = trp(Frob^). 

Corollary 4.15. Let p : Gf —>■ GIj 2{0) be a continuous lifting of ])„, unramified outside S. Suppose 
that for every integer N > 1, there exists a set Q as above, of even cardinality, and a homomorphism 
f : T^^^{HR^q{U)) -£ O/X^ satisfying: 

1. For each v £ Q, qy ^ 1 mod p. 

2. For every finite place v ^ SG Q of F, we have f(Ty) = trp(Frobt,). 

3. Let I = ker/. Then {IlRtjq{Uq) G 0/X^)\I] contains a submodule isomorphic to O/X^. 

Then p is automorphic: there exists a cuspidal automorphic representation it of Gh 2 {A f) of weight 2, and 
an isomorphism pGo Qp — rulpr). 
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Proof of Corollary \4.15\ Take N,Q satisfying these conditions. Then the natural map {H}i{U)) —>■ 
{Hfi{U))m is surjective. Indeed, there exists a lifting of to a continuous representation 

Pm '■ Gf,S G1j 2(T^ {Hji(U))m) 

with the property that trpm(Frob^) = Ty and detpm(Frob„) = qySy for aW v ^ S (cf. Proposition 14.71) . It 
follows from the Chebotarev density theorem and a result of Carayol ( |Car94[ Theoreme 2]) that {Hii{U))xn 
can be generated by the unramihed Hecke operators Ty, v ^ S U Q, which proves the claim. 

Applying Theorem 14.141 to the map /, we obtain a homomorphism /' : {H^{11)) —>■ O/X^ with 

the property that f'{Ty) = trp(Frobi,) mod for all ^ S' U Q- It follows from the previous paragraph 
that this map factors 

where qn is surjective. Moreover, the map bjsi satisfies the condition b]\[{Ty) = trp(Frob„) mod X^ for all 
V ^ S. Indeed, it satisfies this condition for all n ^ S U Q) by construction. Applying |Car941 Theoreme 1], 
we see that b^ o and p mod X^ are equivalent, which implies the relation 

tr{bN o pn,)(Frob„) = 6Ar(T„) = trp(Frobt,) mod X^ 

for all V ^ S. Letting N go to infinity, we obtain a homomorphism boo '■ ^ O such that 

for all finite places v ^ S oi F, booiTy) = trp(Frobt,). It follows that there exists a cuspidal automorphic 
representation tt of GL 2 (Af) of weight 2 such that rt(7r) and p have, by the Chebotarev density theorem, 
the same character; in particular, they become isomorphic after extending scalars to Q^. □ 

The remainder of this section is devoted to the proof of Theorem 14.141 By induction, it will suffice 
to prove the following result: 

Proposition 4.16. Fix an integer N > 1, and a lifting of ~p^ to a continuous representation p : Gf —t 
GL 2 ( 0 /A^). IFe assume that p satisfies the following properties: 

1. p is unramified outside S. 

2. There exists a set Q as above and a homomorphism f : {HfjxjQ{UQ)) —>■ O/X^ satisfying: 

(a) For each v € Q, qy ^ 1 mod p. 

(b) For every finite place v ^ SVJ Q of F, we have f{Ty) = tr /9(Frobt,). 

(c) Let I — ker/. Then {Hrxjq{Uq) ® G/X^)[I] contains an O-submodule isomorphic to O/X^. 

Choose V € Q, and let Q = Q — {■(;}. Then there exists a homomorphism f : {HfujQiU-Q)) O/X^ 

such that for all v ^ QU S, f'iTy) = trp(Frob„). Moreover, writing F = ker/', ® 0/X^)[I'] 

contains an O-submodule isomorphic to O/X^. 

Proof. We first assume that fQ is even. Let mg C denote the pullback of the maximal ideal 

(/, A) C {F[ihjq{Uq)). Taking the exact sequence of Theorem 14.81 and passing to /-torsion, we obtain 
an exact sequence: 

0 ^ {HnuQiUQ)mc2 Go 0/X^)[I] ^ (//«uQ(C^^)mg O/X^Y^^ [/] ^ (//«uQ(%)mQ 0/X^)[I]. 

By hypothesis, {Hr\jq{Uq) ®o G/X^)[I] contains an O-submodule isomorphic to O/X^] hence the same is 
true of {HRuQ{UF)mQ GoO/X^f^'’ [/]. By Theorem 1,1.11 there is an O/A^-module I/q and an isomorphism 

G/X^)[I] = Uo Go P- 

We see that Uq contains an O-submodule isomorphic to O/X^. Since p\gf„ is unramihed, we obtain an 
inclusion 

p\gf„ C Go O/X^Y-^ [/] 
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of C>[G'f„]- modules. We now observe that p^(Frobt,) has 2 distinct eigenvalues, hence the same is true for p. 
On the other hand, Frob”^ acts as the scalar f{Uv) on {Hihjq{Uq) iS>o K follows that the image 

of p|gf„ in {HntjqiU-QY ®o 0/\^)[I] contains an O-submodule isomorphic to O/X^. Writing 

r : ^ Oo o/x^)[i]) - o/x^ 

for the induced homomorphism proves the proposition in this case. 

We now assume that is odd. Let tuq C T^oiQ.umv .j-j^g puHback of the maximal ideal 

(I, A) C {Hii^jQ{UQ)). Taking the morphism of Theorem 14.101 and passing to /-torsion, we obtain a 

morphism of TQ'^‘5’“"‘''-modules 

(HRuQiUg) [/] ^ 0/X^)l^[I], (4.23) 

with kernel contained in the submodule 

{Hruq{UqY^^ ®o 0/X^)mc,[I] c {Hruq{Uq) O/X^YY^ [/], (4.24) 

on which Frob“^ acts by /(Ut,) G O/X^. By hypothesis, {Hihjq{Uq)'^oO/X^)[I] contains an O-submodule 
isomorphic to O/X^. By Theorem 13.11 there is an O/A^-module Uq and an isomorphism of Tq'^^[G'f]- 
modules: 

{Hruq{Uq) C’/A^)[/] = Cfo ®o P- 

Since p^(Frob.i,) has 2 distinct eigenvalues, the image of the map (I4.23P must contain an O-submodule 
isomorphic to O/X^. We now take 

/' : ^ T|^0((i/^^^(C/^)2 0/A^)„^[/]) - O/X^ 

to complete the proof of the proposition. □ 

5 Galois theory 

In this section, we recall some of the basics of Galois deformation theory, and make our study of some 
residually dihedral Galois representations. Since we want to allow deformations which have variable Hodge- 
Tate weights at some places above p and fixed Hodge-Tate weights at others, our definition of a Galois 
deformation problem includes the data of an additional coefficient ring (denoted A„ below) at places where 
ramification is allowed. We begin by making a study of ordinary Galois representations. 


5.1 Ordinary Galois representations 

Let p be an odd prime, and let K he a finite extension of Qp. Let p : Gr —>■ GL 2 (Qp) be a de Rham 
representation such that for each embedding t ■. K ^ Qp, we have HTr(p) = {0,1}. In this paper, we say 
that p is ordinary if it is isomorphic to a representation of the form 




ipi * \ 

0 ) ’ 


(5.1) 


where ipiy'4’2 ■ Gr Qp are continuous characters with restriction to inertia of finite order. Otherwise, we 
say that p is non-ordinary. The condition of being ordinary depends only on WD(p): 

Lemma 5.1. Let p : Gr GL 2 (Qp) he a continuous de Rham representation such that for each embedding 
T : K ^ Qp, we have HTr(p) = {0,1}. Then one of the following is true: 

• WD(p)^’“ is irreducible. In this case, p is non-ordinary. 
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• WD(p)'^’“ is indecomposable. In this case, p is ordinary. 

• WD(p)'^’“ = xi © X 2 is decomposable; x 1 jX 2 : Wk —>■ Qp are smooth characters. Let Frob/f G Wk be 
a geometric Frobenius element, and assume that valp(xi(Frobif)) < valp(x 2 (Frobiv'))- Then 

valp(xi(Frob/f)) + valp(x 2 (Frobii:)) = [Kq : Qp] 


and 

valp(xi(Frobif)) > 0, 

and p is ordinary if and only if equality holds. 

Proof. This follows from an easy calculation with filtered ((/>, iV, G_fs')-modules; cf. the proof of [Thol51 
Theorem 2.4]. □ 

We now fix a totally real field F and an isomorphism 6 : Qp —>■ C. We recall that if tt is a cuspidal 
automorphic representation of GL 2 (Ai;’) of weight 2 and v G Sp, then we have defined in 1)4.II what it means 
for the local component 7r„ to be 6-ordinary. 

Lemma 5.2. Let tt be a cuspidal automorphic representation o/GL 2 (Ai?) of weight 2, and let v G Sp. Then 
exactly one of the following is true. 

1. TTy is supercuspidal. In this case is not t-ordinary. 

2. There is a character x : F^ —>■ Q^ of finite order and an isomorphism 


TTy ^ St2(6x)- 


{In this case, 7r„ is i-ordinary and we have an equivalence 




ipi * \ 

0 V'2e-' J ’ 


withijjilip^ ='02|/j=.„ = (xo Art^^^)|/p^.) 

3. There are characters XijX 2 ^ Qp with open kernel and an isomorphism 

T^V = is^'iXl G 6X2- 


Suppose that valp xi{vT7y) < valp X 2 {'^v)■ Then—valp{qy)/2 <va\pXiivUv), and TTy is l- ordinary if and 
only if equality holds. {If TTy is i-ordinary, then we have an equivalence 


with = (Xi o Art;^^^)|/p^ and Tp 2 \ip^ = (X 2 o Art;^^^)| 7 p^ .) 

Proof. This follows Lemma 15.11 and local-global compatibility; see again the proof of [TholSl Theorem 
2.4]. □ 

Lemma 5.3. Let tt be a cuspidal automorphic representation of G1 j2{Af) of weight 2, and let v G Sp. 

1. The representation rfiTT)\Qp^ is ordinary if and only if TTy is i-ordinary. 

2. Suppose that TTy is supercuspidal. Let K/Fy be a finite extension inside Fy such that i'eCp^(7r„)|vvK is 
unramified. Then rfiTT)\Qp. is crystalline and non-ordinary. 
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Proof. The first part is an immediate consequence of Lemma 15.11 and Lemma 15.21 The second part follows 
immediately from the observation that if r : —>■ GL 2 (Qp) is an irreducible representation with open 

kernel, and r\wK is unramified, then all of the eigenvalues of r(Frobif) have the same p-adic valuation. □ 

Lemma 5.4. Suppose that [F : Q] is even, and let tt fee o cuspidal automorphic representation of GL 2 {Ap) 
of weight 2. Suppose that for each finite place v ^ Sp of F, either Wy is unramified or qy = 1 mod p and iTy is 
an unramified twist of the Steinberg representation, while for every v € Sp, iTy is i-ordinary and ^ 0. 

Suppose furthermore that rfir) is irreducible and [T'(Cp) ■ F] > 4. Let a C Sp be a {possibly empty) subset. 
Then there exists a cuspidal automorphic representation tt' of GL 2 {L^f) of weight 2, satisfying the following 
conditions: 

• There is an isomorphism of residual representations rfir') = rfi:), and n and tt' have the same central 
character. 

• Ifv€a, then ir'y is L-ordinary. If v € Sp — a, then 7r(, is supercuspidal. 

• If V \ poo is a place of F and Wy is unramified, then -n'y is unramified. If iTy is ramified, then ir'y is a 
ramified principal series representation. 

Proof. We omit the proof, which is an easy consequence of the theory of types; cf |Kis09b[ Lemma 3.1.5], 
|Gee091 Theorem 1.1] and |CHT081 Lemma 4.4.1]. The assumptions that rfin) is irreducible and [T’(Cp) : 
F] > 4 are imposed so that one can apply |Jar99[ Lemma 12.3] (existence of auxiliary primes where rfiir) 
satisfies no level-raising congruences, cf Lemma HT] below). □ 

5.2 Galois deformation theory 

We now establish notation that will remain in effect until the end of IJS] Let p be an odd prime, and let 
i? be a coefficient field. We fix a continuous, absolutely irreducible representation p : Gf —t GL 2 (fc) and a 
continuous character /i : Gp which lifts detp. We will assume that k contains the eigenvalues of all 

elements in the image of p. We also fix a finite set S of finite places of F, containing the set Sp of places 
dividing p, and the places at which p and p are ramified. For each v G S, we fix a ring G GNLo and we 
define A = ®^gsA„, the completed tensor product being over O. Then A G CNLo. 

Let V G S. We write T>^ : GNLa„ —t Sets for the functor that associates to i? S GNLa^ the set of 
all continuous homomorphisms r : Gf„ —t GL 2 (i?) such that r mod mF = pIgf„ detr agrees with the 
composite Gf„ —t ^ given by p|gf„ and the structural homomorphism O ^ R. It is easy to see 

that is represented by an object G GNLa„ . 

Definition 5.5. Let v G S. A local deformation problem for p|gf„ a subfunctor T>y C satisfying the 
following conditions: 

• Fy is represented by a quotient Ry of R^. 

• For all R G CNLa.„, a G ker(GL 2 (i?) —GL 2 (fc)) and r G Fy{R), we have ara~^ G Fy(R). 

We will write p° : Gf„ —t GL 2 (it!°) for the universal lifting. If a quotient Ry of R^ corresponding 
to a local deformation problem Fy has been fixed, we will write py : Gf„ —t GL 2 (it!t,) for the universal lifting 
of type Fy. 

Definition 5.6. A global deformation problem is a tuple 


‘S {p, p, S, {Au}i;^57 {f^V^vCzS) ^ 


where: 

• The objects p : Gp —t GL 2 (/c), p : Gp , S and {A„}„g 5 are as at the beginning of this section. 

• For each v G S, Fy is a local deformation problem for p|gf„ ■ 
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Definition 5.7. Let S — (p, /i, S', {A„}„g 5 , {2?„}^g5) he a global deformation problem. Let R S CNLa, and 
let p : Gf GL 2 (i?) he a continuous lifting off). We say that p is of type S if it satisfies the following 
conditions: 

• p is unramified outside S. 

• det p = p. More precisely, the homomorphism det p : Gp —^ R^ agrees with the composite Gp 

^ R^ induced by p and the structural homomorphism O ^ R. 

• For each v G S, the restrietion p|G f„ in Ryi^R), where we give R the natural Ay-algebra structure 
arising from the homomorphism A„ —>■ A. 

We say that two liftings pi,p 2 : Gp —?> GL 2 (i?) are strictly equivalent if there exists a matrix a G ker(GL 2 (-R) —?> 
GL 2 (fc)) such that p 2 = apia~^. 

It is easy to see that strict equivalence preserves the property of being of type S. We write Vg 
for the functor GNLa —^ Sets which associates to R G GNLa the set of liftings p : Gp —>■ GL 2 (i?) which 
are of type S. We write Vs for the functor GNLa —>■ Sets which associates to i? G GNLa the set of strict 
equivalence classes of liftings of type S. 

Definition 5.8. If T G S and R G GNLa, then we define a T-framed lifting off to R to be a tuple 
(p, {a„}i,gT), where p : Gp —>■ GL 2 (i?) is a lifting and for each v G T, ay is an element o/ker(GL 2 (-R) —>■ 
GL 2 (A:)). Two T-framed liftings (pi, {a„}i,gT) and {p 2 , {Pv}y^T) are said to be strictly equivalent if there is 
an element a G ker(GL 2 (i?) —>■ GL 2 (/c)) such that p 2 = apia~^ and fly = aay for each v GT. 

We write Vg for the functor GNLa —>■ Sets which associates to i? G GNLa the set of strict equivalence 
classes of T-framed liftings (p, {a„}„gT) to R such that p is of type S. 

Theorem 5.9. Let S = (fp, p, S, {A„}„gs, {Vy}y,^s) be a global deformation problem. Then the functors Vs, 
V^ and Vg are represented by objects Rs, R^ and Rg, respectively, o/GNLa- 

Proof. This is well-known; see |Gou01[ Appendix 1] for a proof that Vs is representable. The representability 
of the functors V^ and Vg can be deduced easily from this. □ 

We will generally write ps ■ Gp ^ GL 2 (i?s) for a choice of representative of the universal deforma¬ 
tion [ps] of type S. 

Let S = (p, p, 5, {A.i,}.i,gs, {T>„}„gs) be a global deformation problem, and for each i; G S' let 
Ry G GNLa„ denote the representing object of Vy. We write = ^y^pRv for the completed tensor product, 
taken over O, of the rings Ry. The ring Ag has a canonical Ar-algebra structure, where Ap = ®«grA^; it 
is easy to see that Ag represents the functor GNLa^ —t Sets which associates to a Ay-algebra R the set of 
tuples {py)y^T, where for each v G T, py : Gp^ —>■ GL 2 (i?) is a lifting of p|gf„ such that py G Vy{R) when 
we give R the A„-algebra structure arising from the homomorphism A„ —>■ Ay —>■ R. 

The natural transformation (p, {a„}„gy) i—>■ p\Gp,^OLv)y^T induces a canonical map Ag — Rg, 

which is a homomorphism of Ay-algebras. We will generally use this construction only when Ay — O for 
each V G S — T,m. which case there is a canonical isomorphism Ay = A. 

5.3 Galois cohomology 

Let S = {'p,p,S,{Ay}y^s,{'Rv}v&s) be a global deformation problem. For each v G S, let Ry denote the 
representing object of Vy. There are canonical isomorphisms 

Z^{Fy,ad°p) Gi Homfe(m^n/(m^n,mAj,fc) = HomcNLA„ fc[e]/(e^)), (5-2) 

where we write Z^{Fy, ad° p) for the space of continuous 1-coycles (p : Gf„ —>■ ad° p. The isomorphism between 
the first and third terms associates to a cocycle (p G Z^(Fy, ad° p) the classifying homomorphism of the lifting 
(1 -I- e(/>)p|GF„; the isomorphism between the third and second terms is given by restriction to m^n. We write 
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jCy C Z^(Fy, ad° p) for the pre-image of the subspace Homfe(m/{^/(m^^, mA„),/c) under the isomorphism 
(EH)- It follows from the definitions that is also the pre-image of a subspace C H^(Fy, ad^ p). 

Now let T C ^ be a non-empty subset, and suppose that Ay = O for each v G S — T. Then there 
is a canonical isomorphism At = A, and the map Ag —^ is a morphism of A-algebras. In this case, we 
define (following [CHTOSl §2]) a complex Cg jn(ad° p) by the formula 


C 5 .jn(ad° p) — 


[Fs/F,ad p) i = Q 

C\Fs/F,ad^'p)®y(zTC°{Fy,ad'p) i = l 

C^{Fs/F,ad°V) ©„6S-T Ci(F„ad°p)/£j i = 2 
C*(Fs/F, ad° p) ©„es (^^“^(F^, ad° p) otherwise. 


(Here, for example, C*(Fs/F, ad° p) denotes the usual complex of continuous inhomogeneous cochains 
G'p g —>■ ad°p, which calculates the continuous group cohomology of the discrete Z[G'F,s]-module ad°p; 
cf. |Ser94[ Ch. 1, §2.2].) The boundary map is given by the formula 

Q,^(ad°p) ^ 

{(j), {lpv)v) i-t {dcf), {4 >\gf^ - dtpv)v)- 


There is a long exact sequence of cohomology groups 


0-^ Hlpiad°p) -^ F°(Fs/F,adp)-^ ©„6 tF«(F„, adp) (5.3) 

-^ Hlp{ad° p)-^ {Fg/F, ad° p)-^ (BverH^(Fy , ad° p) (BveS-x (F„, ad° p)/£„ 

-^ Hlpiad° p) -^ H^{Fs/F, ad° p)-^ (By^sH^{Fy , ad° p) 


and consequently an equation 

X 5 .T(ad°p)=x(Fs/F,ad°p)-^x(i"^.,ad°p)- ^ (dimfe£„ - hO(F„,ad°p)) + 1 - #T (5.4) 

v&S vGS-T 

relating the Euler characteristics of these complexes (which are all finite; see |Mil061 Ch. 1, Corollary 2.3] 
and [MilOGl Ch. 1, Corollary 4.15]). We also define a group that plays the role of the dual Selmer group in 
this setting. Since p is odd, there is a perfect duality of Galois modules 

ad°p X ad°p(l)-)> fc(e) 

{X,Y)^tTXY. 

In particular, this induces for each finite place of F a perfect duality between the groups F[^{Fy^ ad° p) and 
F^(F„, ad° p(l)) (by Tate duality; see [MilOBl Ch. 1, Corollary 2.3] again). We write Cy C iJ^(Fu, ad° p(l)) 
for the annihilator under this pairing of and we define 

F^^r(ad°p(l)) = ker(Fi(Fs/F,ad°p(l))^ H H\Fy, ad°-p{l)) / . (5.6) 

\ vdS-T / 

Proposition 5.10. Let S = (p, p,, F, {A„}„g 5 , {F^}„g 5 ) be a global deformation problem, and let T <Z S be 
a non-empty subset. Suppose that Ay = O for each v G S — T. 

1. The ring Rg is a guotient of a power series ring over Ag in r variables, where r = hg j.(ad°p). 

2. If V G S, let iy = dimfe Ty. There is an equality 

h^^r(ad°p) = h;^_r(acl°p(l))+ ^ (4 - h°(F„ ad° p))-h°(F, ad° p(l))-^ h°(F„ ad° p)-l + #T. 

V^S — T -ulcxD 
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Proof. The global analogue of (15.21) is the chain of isomorphisms 

^5,T(ad°p) = Homfc(m^T/(m^T,m^T),fc) ^ }lom.cNhARs/{'^Af),k[^]/ie^))- 


(5.7) 


We explain the isomorphism between the first and third terms. A T-framed lifting of p to A:[e]/(e^) can be 
written in the form ((1 + €(j))7), (1 + ea„)„gT), with (j) € Z^(FsfF, ad° p). The condition that it be of type S 
is equivalent to the condition 0 |gf„ G for v G S. The condition that it give the trivial lifting at u G T is 
equivalent to the condition 

(1 - ea„)(l + e(j>\GF, )pIgf„ (1 + ea«) = p|gf„ ■ 

Two pairs ((1 + e(())p, (1 + eay)y^T) and ((1 + e^')p, (1 + e/3^)^gT) give rise to strictly equivalent T-framed 
liftings if and only if there exists b G ad° p satisfying 

(f'(a) = <f(a) + (1- ad°p(cr))6, 

/3v = av + b 

for each a G Gp, v G T. This is exactly the equivalence relation imposed on cocycles in the definition of 
the group ^.(ad^ p), and this proves the first part of the proposition. For the second part, we recall that 
ad° p) = 0 if j > 3 (by [MilOBl Ch. 1, Theorem 4.10], and since p is odd), while Tate’s local and 
global Euler characteristic formulae (see [MilOBl Ch. 1, Theorem 2.8] and [MilOBl Ch. 1, Theorem 5.1], 
respectively) give 


^x(T„,ad°p) = -3[T: 


v£S 

x{Fs/F,ad°p) = ^h°(T„ad°p) - 3[T : Q], 

i;|oo 


hence 


X 5 .T(ad°p) =^h°(T„ad°p)- ^ (4-/i°(T„,ad°p)) + l-#T 

i;|oo v^S—T 

(use (El)- We now observe that there are exact sequences 


(5.8) 


p) 

i?! j-(ad° p) 


H^{Fs/F,ad°p) 
■i72(Fs/T,ad°p) 
-^0 


and 


■H^{Fs/F,e.d°piW 


H\Fs/F,ad°p)^ 

~H\Fs/F,a.dp)- 

-^0. 


^veTH^{Fy, ad° p) ©„gs_T H^{Fy,adP p)/Cv 
-^ ©„gsi72(T„,ad° p) 


„^TH^{Fy,ad° p) ©„gs_T H^{Fy,adP p)/Cy 

,s772(E,,ad°p) 




(The first sequence is part of (15.311 . while the second is part of the Poitou-Tate exact sequence (see [MilOBl 
Ch. 1, Theorem 4.10]).) Comparing these two exact sequences, we obtain 

/i^ 2-(ad°p) = hg r^{ad^ p{l)), 

h|,^(ad°p) = h°(Ts/T,ad°p(l)), 

and so (El gives 

/i^,T(acl°p) = /i^,T(ad°p(l)) - h°(T 5 /T,ad°p(l)) - ^ h°(T,, ad° p) + ^ (4 - /i°(T„, ad° p)) - 1 + #T 

i;|oo v^S — T 

(we have j-(ad°p) = 0, since T is assumed to be non-empty). Re-arranging this equation completes the 
proof. □ 
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Corollary 5.11. Suppose further that F is totally real, p is totally odd, [l^(Cp) • F)] > 2, and R„ is formally 
smooth over O of dimension 4 for each v G S — T. Then Rg is a quotient of a power series ring over Ag in 
hg y(ad° p(l)) — [F : Q] — 1 + fj=T variables. 

Proof. If [i^(Cp) ■ F] > then h'^{Fs/F, a.d° p{l)) = 0. If i?„ is formally smooth over O of dimension 4, 
then we have — h^{Fy, ad° p) = £l — 3 = dimi?„ — 4 = 0. If is totally real and p is totally odd, then 
Sd|oo h°(F„,ad°p) = [F : Q]. The result now follows immediately from Proposition [5T0l □ 

5.4 Local deformation problems 

We continue with the notation of il5.21 and now define some local deformation problems. The following 
lemma is often useful. 

Lemma 5.12. Let Ry € CNLa„ be a quotient of R^ satisfying the following conditions: 

1. The ring Ry is reduced, and not isomorphic to k. 

2. Let r : Gp^ —>■ GL 2 (i?i,) denote the specialization of the universal lifting, and let a G ker(GL 2 (i?i,) —>■ 
GL 2 (A:)). Then the homomorphism R^ —^ Ry associated to the representation ara~^ by universality 
factors through the canonical projection R^ Ry. 

Then the subfunctor of defined by Ry is a local deformation problem. 

Proof. The proof is essentially the same as the proof of [BLGHTTTI Lemma 3.2]. □ 

5.4.1 Ordinary deformations 

Let V G Sp, and suppose that p\gf„ is trivial. We assume that E contains the image of all embeddings 
Qp. We write Op^(p) = ker((!I^^ —>• k{v)^), the maximal pro-p subgroup of Op^, and set Ay = 0\0^^{p)\. 
We write : Op (p) —>■ AJ for the universal character. We also write I^{p) for the maximal pro-p 

subgroup of the inertia subgroup of the Galois group of the maximal abelian extension of Fy] then Artp’^ 
restricts to an isomorphism Op (p) = I^{p). We now define a deformation problem in terms of its 
corresponding local lifting ring The rings we consider were first defined by Geraghty |Ger] for liftings 

valued in GL„; we follow here the presentation of Allen |A1114] for liftings valued in GL 2 . 

We define C as the closed subscheme of P^q whose i?-points, R an i?°-algebra, consist of a free 

A-direct summand L C oi rank 1 on which /|h (p) acts by the character o Aitf}. We define to 

be the maximal reduced, O-torsion free quotient of the image of the map R^ —>■ H^{C, Oc). 

Proposition 5.13. The ring Rff'^ defines a local deformation problem. For each minimal prime Qy C A„, 
Fy^‘^fQy is geometrically irreducible of dimension 4+2[Ft, : Qp], and its generic point is of characteristic 0. If 
X : R^ Qp is a homomorphism, then x factors through Rff'^ if and only if px = xop^ is G\j 2 iflip)-conjugate 
to a representation 



where ^p^ = a: o /y™™ o AvtpK 

Proof. The fact that is a local deformation problem follows easily from its definition and Lemma [5.121 
The other assertions follow from [A11141 Proposition 1.4.4] and |A11141 Proposition 1.4.12]. □ 

We define to be the local deformation problem represented by 
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5.4.2 Crystalline non-ordinary deformations 

Let V G Sp, and suppose that p|gf„ trivial. Let A.;, = O. 

Proposition 5.14. There is a reduced, O-torsion free quotient of satisfying the following 

property: for any coefficient field LfE and any homomorphism x : L, x factors through 

if and only if x o is crystalline of Hodge-Tate weights HT,- = {0,1} and non-ordinary, in the sense of 
Moreover, if ^ Q then defines a local deformation problem and is integral 

of dimension 4 -|- [Fy : Qp]. 

Proof. See [KisOObl Corollary 2.5.16] and [GeeOBl Proposition 2.3]. □ 

In the case that 0, we define to be the local deformation problem represented 

by 


5.4.3 Special deformations, case Qv = 1 mod p 

Let V € S — Sp, and suppose that (?„ = 1 mod p and p|gf„ is trivial. Let A„ = O. 


Proposition 5.15. There is a reduced, O-torsion free quotient Ry* of R^ satisfying the following property: 
for any homomorphism x : L, x factors through Ry*' if and only if x o p^ is GL 2 {Ol)- conjugate to a 

representation of the form 


xop° 


X * \ 

0 xe-' J ’ 


where x ■ Gf„ ^ is an unramified character. Moreover, Ry* defines a local deformation problem and Ry^ 
is integral of dimension f. 


Proof. See [KisOObl Proposition 2.6.6]. 


□ 


5.4.4 Special deformations, case = — 1 mod p 

Let V € S — Sp, and suppose that = —1 mod p and that p|gf„ i® unramified, and that p(Frob„) takes two 
distinct eigenvalues ay,l3y G k such that ay/fy = — 1. Let Ay = O. We now define directly a sub functor 
pSt(a„) ^ ^ CNLo, and let r : Gf„ —>■ GL 2 (i?) be an element of 'D^{R). Let (/)„ G be a choice 

of geometric Frobenius element. By Hensel’s lemma, r{(j)v) has characteristic polynomial {X — Ay){X — By), 
where the elements Ay, By G R^ lift ay,fy. We say that r G if By = qyAy and If„ acts trivially 

on {r{(j)y) — By)Rf, a direct summand i?-submodule of R?. This condition is independent of the choice of 

(jv . 

Proposition 5.16. The functor'Dy^^°‘''^ is a local deformation problem. The representing object is 

formally smooth over O of dimension f. 

We omit the easy proof. 


5.5 The existence of auxiliary primes 

We continue with the notation of 95.21 and now consider representations p : Gf —>■ GL 2 (fc) of a particular 
special form. We assume that F is totally real, and that p is totally odd, i.e. p{c) = — 1 for every choice of 
complex conjugation c G Gf- We write (jp G F for a p^^ root of unity, K for the unique quadratic subfield 
of F{fp)/F, and w G Gf for a fixed choice of element with non-trivial image in Gal(Ar/F). We fix a choice 
c G Gf of complex conjugation. 

We also assume that the field K is totally real and that is a direct sum of 2 distinct 

characters. (We recall that one of our running assumptions is that p itself is absolutely irreducible.) The 
assumption that K is totally real is equivalent to the assumption that 4 divides [F’(Cp) ■ F]- In particular, 
we see that p = 1 mod 4. 
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It then follows from Clifford theory that p = Indg^ X, for some continuous character x ■ Gk —t . 
Let 7 = x!^■ By hypothesis, 7 is non-trivial, even after restriction to Gp(^^^'). We have the following 
elementary observation. 

Lemma 5.17. We have ad°p — ® Indg^ 7 , where 5k/f '■ GsX{K/F) — >■ is the unique non-trivial 

character. 

We write Mq = k{dp/p) and Mi = Ind^^ 7 , so that ad°p = Mq © Mi. We can assume, after 
conjugating, that p has the following form: 


P{<^) 



0 


if (j G Gk', 


0 x(-u;2) \ 

1 0 )■ 


After possibly reversing the roles of x and x™j we can assume as well that x(c) = 1- Having fixed this form 
for p, we fix the following standard basis of ad° p: 


E = 


0 

0 


1 

0 


H = 


1 0 

0 -1 



0 

0 


Then Mq is spanned by H and Mi is spanned by the vectors E, F. We observe that under the natural perfect 
pairing ad°p x ad°p(l) —>■ k{e), the spaces Mq and Mi(l) are mutual annihilators; similarly, the spaces Mi 
and Mo(l) are mutual annihilators. 

Lemma 5.18. Let v \ p be a finite place of F, and suppose that the local deformation problem 
is defined. 

1. The subspace Cv C H^{Fv, ad° p) respects the decomposition ad° p = Mq © Mi; that is, we have 
= {L„fiH\F„,Mii)) © {L„fiH\F„,Mi)) C H\F„,Mii) (B H\F„,Mi) = H\F„,&d°f)). 


2. Similarly, the subspace C ad° p(l)) respects the decomposition ad°p(l) = Mq{\) ©Mi(1). 

Proof. The second part is the dual of the first part. We prove the first part. Our assumption that the local 
deformation problem 'Ey = is defined means that Qy = —1 mod p, p|gf„ is unramified, and p(Frobt,) 

has distinct eigenvalues ay, j5y with Uyjfiy = —1. Since K is assumed to be totally real, the assumption 
qy = —1 mod p implies that v splits in K. We thus have Mq = k, Mi = k{e) © k{e) as A:[GF„]-niodules; note 
that e = e~^ in this case. The subspace Cy C 22^(F.u, ad° p) is 1-dimensional, and lies in H^{Fy, Mi), being 
spanned by either F[^{Fy,k{e)) ® E or F[^{Fy,k{e)) © F. This implies the result. □ 

Remark 5.19. This lemma is false without the assumption that K is totally real. This is the main reason 
for making this assumption. 

Let S = {'p, p, S, {Ay}y(zs, {'Dy}y^s) be a global deformation problem, and let T C S' be a subset 
containing all the places above p. Suppose that for each v G S \ T, Vy = 2?^**-“*’^. The lemma then implies 
that we can decompose 

22i^r(ad°p(l))=ker[22i(Fs/T',ad°p(l))-> H H\Fy, p{l))/cA = Hlp{Mo{l)) (B HIp{Mi{1)), 

\ vGS-T / 

where by definition 

Hl^p{Mii{l)) = 22^_T(ad°Ml)) n H\Fs/F, M^{1)) 

and 

Hl^^{Mi{l)) = 22i_r(ad°p(l)) n H\Fs/F, Mi{l)). 

We define hg j,{Mo{l)) and hg p{Mi{l)) accordingly. 
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Proposition 5.20. Let S = (p, p., S, {A„}„gs, {2?„}„gs) be a global deformation problem, and let T = S. Let 

Nq > 1 be an integer. Let p : Gp —>■ Gh2{0) be a lifting of type S. Then for any integer q > 

there exists a set Qo of primes, disjoint from S, and elements , satisfying the following conditions: 

1- #Qo = q- 

2. For each v G Qq, the local deformation problem is defined. We define the augmented deforma¬ 

tion problem 

^Qo = (PiM: S U Qo, {A„}t,es U {C>}„gQo, U 

3. Let pno = P ''nod : Gp —>■ GL2{0/X^°0). Then PNo{c) = PAfo(Frob^) for each v G Qo, nt least up 
to conjugacy in the image of ppig. 

4. VFe have = 0. 

Before giving the proof of the proposition, we prove some lemmas. 

Lemma 5.21. Let T be a group, and a : T ^ a character. Let k' C k be the .subfield generated by 
the values of a. Then k'{a) is a simple ¥p\r]-module. If ft : T ^ k^ is another character, then k'{a) is 
isomorphic to a ¥p[T]-submodule of k{l3) if and only if there is an automorphism F of k such that j3 = Foa. 

Proof. Since the image of a is cyclic, we can find x G F such that k' = Fp(Q;(x)). It follows that k'{a) is 
generated as a Fp[r]-module by any non-zero element. If there is a non-zero homomorphism fc'(a) —>■ fc(/3) 
then the same argument shows that we get an embedding F : k' ^ k such that (3 = F o a. □ 

Lemma 5.22. With notation and assumptions as above, the ¥p[Gk]- module k{ej) has no Jordan-Holder 
factors in common with the modules k, k(jj) or k{j~^). The characters 7 and ey are non-trivial. 

Proof. Since K is real, the character ey is totally even, while the characters 7 and 7 “^ are totally odd. This 
rules out a non-trivial morphism of Fp[GK]-modules between k{ef) and ^( 7 ) or k{^~^). The characters 7 
and e 7 are non-trivial since we have assumed that 7 remains non-trivial even after restriction to Gp(^Q^y □ 

Lemma 5.23. Let p : Gp —>■ Gh2{0) be a lifting of type S. Let N > 1 be an integer, and let pN = 
p mod . Let Kn = F{(4pN, pn), i.e. Kn is the splitting field of the representation pn\gf(^( Then 

i 2 i(Gal(iFw/F),Mi(l)) = 0 . 

Proof. We have, by Shapiro’s lemma and inflation-restriction: 

H^{Ga,\{KN/F),Mi{l)) ^ H\Ga\{KN/K),k{e'j)) ^ H^{Gal{KN/Ki),kY^. 

(The superscript in the last term indicates the subspace where the group Ga\{Ki/K) acts by the character 
£ 7 .) Let k' C k denote the subheld generated by the values of ey. It suffices to show that 

HYGa\{KN/KY,k'y^ = 0 . 

We hrst show that H^{Ga\{Ki{(pN)/Ki),k'y^ = 0. Indeed, an element of this group is represented 
by a homomorphism / : Ga\{Ki{fpN)/Ki) —>• k' such that for all x G Gp, y G Ga\{Ki{fpN)/Ki), 
f{xyx~^) = ef{x)f{y). The conjugation action of Gp on the group Ga\{Ki{C,pN)/Ki) is trivial, so any 
such homomorphism must be zero. 

It therefore suffices to show that {Ga\{K p / Ki{ypN)) ,k'y^ = 0. An element of this group is again 
represented by a homomorphism / : Ga\{Kp /KytjpN)) —>■ k' transforming according to the character ey 
under conjugation by Gp. Let / be such a homomorphism, and suppose that / is non-zero; then / factors 
through an abelian quotient Hf of Ga\(Kp/Ki{C,pN)), invariant under conjugation by Gp, and / induces 
an isomorphism Hj = k'{e^) of simple F^jG^j-modules. 

On the other hand, pp induces an injection Ga\{Kp/Ki{fpN)) ^ l-\-M2{X/X^) , which is equivariant 
for the conjugation action of Gp. There exists a decreasing filtration F, C I -I- M2{X/X^) by G^-invariant 
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normal subgroups, such that each Fi/Fi+i is an abelian group, isomorphic to one of k, ^( 7 ) or as 

®'p[G_R']-modules. Pulling this filtration back via to the group Gal{KN/Ki{Cp^)), we find that F[f is 
isomorphic to a submodule of one of these Fp[Gif]-modules. The desired vanishing statement will therefore 
follow from the claim that neither fc, k{j) nor k{^~^) contains a non-zero Fp[G^fJ-submodule isomorphic to 

k'{ej). This follows immediately from Lemma EH and Lemma [5221 D 

We now come to the proof of Proposition 15.201 

Proof of Provosition \5.20\ We wish to find a set Qq of auxiliary primes such that y(Mi(l)) = 0. 
Suppose r = hg jn(Mi(l)) > 0. By induction, it is enough to find a single auxiliary place v, satisfying the 
conditions of the proposition, such that = max(r — 1,0). The case r = 0 is easy, so let us 

assume r > 1 . 

Let 75 be a cocycle representing a non-trivial element of Fig j.(Mi(l)). It will suffice for our purposes 
to find a place v ^ S satisfying the following conditions: 

• We have / 9 Ar(,(Frob«) = pNoic)^ np to G^-conjugacy. 

• We have = —1 mod 

• The image of (p in P[^{Fy, Mi{l)) is non-trivial. 

Indeed, the first two conditions imply (at least, up to conjugacy) that p(Frobt,) = diag(l,—1) and the 
deformation problem is defined, for q:„ = 1 or aj, = —1. There is an exact sequence 

the last map being given on cocycles hy p ^ {E, (/?(Frob„)) (if ay = 1) or by 75 >->■ {F, (/^(Frobt,)) (if ay = —1). 
By choosing ay appropriately, we can thus ensure that this sequence is also exact on the right. 

By the Chebotarev density theorem, it even suffices to find an element a G Gf satisfying the 
following conditions: 

• PiVo(o-) = PNoic). 

• e{a) = — 1 mod p^°. 

• + 0 . 

Choose any element ag G Gp lifting the image of c in Gal{Kisfg/F); then ao satisfies the first two conditions. 
If (To satisfies the third condition, then we can take a — (Tq. Suppose instead that tp{cro) — 0. By Lemma r5.231 
the image of in H^{Kis[g, Mi{l)) is non-zero; this restriction is represented by a non-zero Gi?-equivariant 
homomorphism / : iFjVo We can therefore find r G such that /(r) 7 ^ 0. The element a = rao 

now has the desired properties. □ 

Proposition 5.24. Let S = (p,/i, 5, {A.„}^gs, be a global deformation problem. Let T C S, and 

suppose that for each v G S — T, Py = Suppose further that hg j.(Mi(l)) = 0, and let Ni > 1 be 

an integer. Then there exists a finite set Qi of finite places of F, disjoint from S, satisfying the following 
conditions: 

1- ffQi = hg j.(Mo(l)) and for each v G Qi, gy = 1 mod p^^ and p(Frobi,) has distinct eigenvalues. 

2. Define the augmented deformation problem: 

^Qi — ip^ Pj S U Qi, {A^}„g 5 U , {Dy}v^s C )■ 

Then hg^^ 2 ’( 8 'd°p(l)) = 0. 

We first prove a lemma. 
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Lemma 5.25. Let N>1. Then H^{G&\{F{Cpn)/F),Mq{1)) = 0. 

Proof. By restriction, this group is identified with the group of homomorphisms / : Gal(-F'(^piv )/F(Cp)) ^ k 
such that for all x G Gal{F{(p)/F), y G Ga.\{F{C,pN)/F{C,p)), we have f{xyx = 5K/F^{x)f(y). Since the 
character 5kif^ is odd and the conjugation action on G&\{F{fpN)/Fijfp)) is trivial, any such homomorphism 
must be 0 . □ 

Proof of Proposition 15.^41 Lot = ^5 ,t(-^o( 1)) = /i^ y(ad° p(l)); we may assume that r > 1. We observe 
that if u ^ S' is any place satisfying the first point above, then ^ j.(Mi(l)) = hgj.(Mi(l)) = 0. By 

induction, it is therefore enough to find a place v ^ S satisfying the hrst point above, and such that 
^S(;„},t(-^Lo( 1)) = r — 1. 

Let Lphe & cocycle representing a non-trivial element of hg j^{Mq{1)). It will suffice for our purposes 
to hnd a place v ^ S satisfying the following conditions: 

• = 1 mod . 

• x(Frob„) yf: x™(Frobt,). (This makes sense since the first point implies that v splits in K.) 

• (/5(Frob„) yf 0. 

Indeed, the first two points show that the place v satisfies the first point of Proposition 15.241 We then have 
an exact sequence: 

0 —>■ Flg^^^rp{MQ{l)) —>■ F[grp{Mo{l)) —>■ fc, 

the last map being given on cocycles hy p ^ :/?(Frob„). The third point implies that this sequence is exact 
on the right. By the Chebotarev density theorem, it will even suffice for our purposes to find an element 
(7 G Gf satisfying the following conditions: 

• e{a) = 1 mod 

• ^ 0 . 

If iV > 1, write F^s = F{fpN). We have xIgf^ j by assumption. Since y has order prime to p, we 

also have xIgf„ X^Igf^ • Let cto G be an element such that x(cro) x'^(o'o). If p(cro) ^ 0, then 

we can take a = Gq. 

Assume instead that p((To) = 0. We can then take a = tcto, where r G Gxi{(:; is any element 
such that p(t) ^ 0. To see that such an element exists, it is enough to note that the image of ip in 
Mo(l)) is non-zero, since Lemma [5.251 and the fact that Gal(Ari(CpWi (/Fatj) has order prime 
to p together imply that the restriction map is injective. □ 


6 R = T 

Let p be an odd prime, let i? be a coefficient field, and let F be a totally real number field of even degree 
over Q. We fix an absolutely irreducible and continuous representation p : Gf —>■ GL 2 (fc), satisfying the 
following conditions. 

• Let K C F{fp) denote the unique quadratic subfield of F(^p)/F. Then there is a continuous character 

X : Gk —>■ and an isomorphism p = Ind^^ x- We write w G Gal(Ar/F) for the non-trivial element. 

• The extension K/F is totally real. In particular, 4 divides [F(Cp) : F], which in turn divides (p — 1). 

• The character 7 = xfx^ : Gk —>■ k^ is non-trivial, even after restriction to Gf{(j,). 

• For each place n j p of F, p|gf„ i® unramified. 
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• For each place v\p of F, p|gf„ is trivial. 

• The character edetp is everywhere unramified. 

We assume k large enough that it contains the eigenvalues of every element of the image of p. We write 
Ip : Gp for the Teichmiiller lift of edetp. In what follows, we will abuse notation slightly by also 

writing ip for the character ip o Art^ : . We will also suppose given the following data. 

• A finite set R of even cardinality of finite places of F, such that for each v G R, Qv = I mod p and 
p|gf^ is trivial. 

• A finite set Qo of finite places of F of even cardinality, disjoint from Sp U R, and a tuple (ay)y^Qg of 

elements of k, such that for each v G Qo the deformation problem is dehned. (By definition, 

this means that for each v G Qo, we have = —1 mod p and p|gf„ is unramified, p(Frobi,) having 
eigenvalues ay, —ay.) 

• An isomorphism ^ : Qp —>• C, and a cuspidal automorphic representation ttq of weight 2 satisfying the 
following conditions. 

— There is an isomorphism rt(7ro) = p. 

— The central character of ttq equals iip. 

— For each finite place v ^ SpU RU Qo of A, is unramified. 

— For each v G R LI Qo, there is an unramified character Xv '■ Fy —>■ and an isomorphism 
TTo,v = St 2 (tx«). For each v G Qo, Xvi^^v) is congruent to ay modulo the maximal ideal of Zp. 

— Let a <G Sp denote the set of places v such that tto,v is (.-ordinary. For each v G a, ^ 0. For 

each V G Sp — a, tto,v is unramified. 

Lemma 6.1. There exists a place a ^ SpL! QoL! R such that qa > and trp(Froba)^/det p(Frobo) ^ 

(1 + 9a)V'7a. 

Proof. This follows from Chebotarev’s theorem and |Jar991 Lemma 12.3]. □ 

We fix such a place a. 

We consider the global deformation problem 

S — (p, e Ip, Sp U Qo U R, U {lf^}t;eSpUQoUi(—a-, 

U u u {Vf}y^n). 

We set T = SpU R. Then Rs and Rg are defined. (We observe that ^ 0 for each v G Sp — a, since 

?'t(7ro)|GF„ defines a Qp-point of this ring.) 

6.1 Automorphic forms with fixed central character 

Let B he &. quaternion algebra ramified exactly at Qo U i? U {ujoo}. (This is the algebra we have denoted 
by BQguR in (jd) In this section, the set Qo U R will remain fixed, and we therefore drop it from the 
notation.) Let Ob C B he a maximal order. The choice of Ob determines a group G over Op, its functor 
of points being given by G{R) = {Ob <E>Of R)^ . It v ^ Qo LI R is a finite place of F, then we fix an 
isomorphism Ob ®Of — M 2 {Op^)-, this determines compatible isomorphisms G{Fy) = GL 2 (F„) and 
G{Op^) = GL2(C>_f„). We define an open compact subgroup U = Hi, Uy C G{Kf) as follows: 

• If u ^ Qo U i? U {a}, then Uy = G{Op^) = GL 2 (C>Fp)- 

• If u G Qo U i?, then Uy is the unique maximal compact subgroup of G{Fy ). 
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• If t! = a, then Uy = Ul{a). (For the definition of this open compact subgroup of GL 2 ( 0 _f„), we refer 
the reader to M.lH 

For technical reasons, we must define spaces of automorphic forms with hxed central character, li V = 
n.;, K C 17 is any open compact subgroup and A is an (7-module, then we write H^{y,A) for the set of 
functions / : G{F)\G{h.^) —>■ A satisfying the relation f{zgv) = for all z G A“’^, g G G'(A“), 

and V gV. Choosing a double coset decomposition 

G(A^) =U,G(F)^,CA“’^ 

there is an isomorphism 


where A{iIj is the 0[U ■ A“’^]-module with underlying G-module A on which U acts trivially and A“’^ 
acts by . Each of the groups {t~^G{F)ti fl {V ■ A“’^))/F^ is finite of order prime to p (use |Tay06| 
Lemma 1.1] and the fact that G{F) contains no elements of order p, as [A((^p) : F] > 4). It follows that 
the natural maps H^{V,0) Co A —>■ H^{V,A) are isomorphisms. With the notation of >14.61 we see that 
H^iU, O) is a T 5 ;^'^“^^^^“^’"“fosubmodule of Hq,^r{U). 

For any open compact subgroup V = f][.y Vy C G, we define a pairing 

{■,-)v-H4V,0)xH^{V,0)^0 ( 6 . 1 ) 


by the formula 

{fij2)v = ^ fi{x)f2ix)')p{detx)~^cvix)~\ 

X 

where the sum ranges over x G G(F)\G(A“)/F • A“’^ and cv{x) = #(a:“^G(F)a; fl {V ■ A^’^))/F^ . As 
noted above, cvix) is a p-adic unit, so this pairing is in fact perfect. Moreover, for any finite place v of F, 
/i) /2 G Hjp{V, O) and g G G(F„), we have the relation 

{[VygVy]fij2)v = '0(det5)(/i, 


(see p. 741]). 

Lemma 6.2. Let Vi = UyVl,yCV2=Uy V 2 ,y be open eompaet subgroups of U, with Vi normal in V 2 and 
V 2 n A“’^ = Vi n A“’^. Suppose that the quotient V 2 /V 1 is abelian of p-power order. Then: 

1. The trace map tryj^/vi ■ —>■ 77^(V2,G) factors through an isomorphism H^{Vi,0)v2 — 

H^{V2,0). 

2. i7^(Vi,G) is a free 0\V2/Vi\-module. 

Proof. The proof is the same as the proof of |Tay06[ Lemma 2.3]. □ 

6.2 Partial Hida families 

We now introduce some more open compact subgroups of G. If n > 1 is an integer, then we define Go((t"') = 
n« UQ{a'^)y and Gi(cr”) = Gi(cr”)t, as follows. 

• If u G cr, then Go(cr")t, = Go(u") and Gi(cr")^ = Gi(u"). 

• If u ^ tr, then Go(cr")„ = Gi(cr"’)^ = G„. 
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If n = 1, then we omit it from the notation. It v G a, then we have defined Aj, = We write 

A = igj^gcrAt,, the completed tensor product being over O. We emphasize that this algebra depends on 
the choice of cr, even though we do not include it in the notation. The universal deformation ring Rg is a 
A-algebra, since (by definition) it classifies deformations to A-algebras. If 5* is a finite set of finite places 
of F, then we write for the polynomial ring over A in the infinitely many indeterminates Ty,Sy 

{v ^ S). It Q G S, then we write fQj. polynomial ring over in the indeterminates U„, 

V G Q. In fact, we now fix5' = crU(5oU^U {a}. In particular, if ri G S'p — cr, then Ty G If M 

is a T^’‘^’““'"-module (resp. module), then we write T^’'®(M) (resp. Tq'®(M)) for the image of 

TpA.S.univ ('j.ggp_ rjpA.S,univ^ inEndA(M). 

We now define a structure of TQ^^’'^""'-module on the spaces 7J^(t7*(cr”), A), n > 1 and * G {0,1}. 
The elements Ty,Sy, G act by the Hecke operators of the same name. To define the A-module 

structure, it is enough to define an action of the group Op^{p) on the O-module F[^{Ut,{a^), A). We 

define such an action by letting a G Op^ (p) act by the double coset operator 

^a) = [U4<Jnv(^Q 

The operators U„ and (a) commute with all inclusions F[^{U^:{a^), A) C iJ^(f7*(cr"'+^), A), so these maps 
become maps of Tg^^’'^""'-modules. The operator does depend on the choice of uniformizer Wy, but this 
will not be important for us. We set Uo- = Yly^cr Uw 

For each n > 1, the ordinary idempotent e = limjv-s.oo U^' acts on 7J^([/i(cr”), O), and hence on 

H^iUiia^),A) = iJ^(t/i(a”),0) A 

for any O-module A. We define i?”‘^(C/i(cr’^), A) = A), and 


Then the algebra 

Tgf (i?;’'‘'(t/i(a“))) = l^TAf(H;’^<^(Ui(a-),F/0)) 

n 

is reduced (since it is an inverse limit of reduced algebras). 

Lemma 6.3. For any O-module A and any integers n>m>\, the natural inclusions 

H;-\Uo{a),A) ^ H;-\Uoia^),A), ( 6 . 2 ) 

H^-\Ui{a^),A) ^ n Uo{a^),A) (6.3) 

are isomorphisms. 

Proof. This follows from the same calculation with Hecke operators that appears in [Geri Lemma 2.5.2]. □ 

It V G a and n > 1, we define A„_„ = C>[(1 + WyOFy)lit + WyOp^)]. (Thus Ai = O.) We define 
A„ = ®y^„h.y^n- There is a canonical surjection A —>■ A„, and we write a„ for the kernel of this surjection. 
By Lemma 16.31 for any n>m>\ we have 

iL^'-'i(C/i(a"),A)K] = A). 

Proposition 6.4. 1. For each n > 1, there is a canonical isomorphism 

- Homo(iJ-‘'(C/i(a"), O), O). 

(We recall that (•)'^ denotes E-Pontryagin dual; see 
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2. The space H!^'^(Ui{a^)Y is a free A-module of rank dim^ HY'^{Ui{a),k)- 

3. The algebra Tq’^ {HY"'^{Ui{a°°))) is a finite faithful A-algebra. 

Proof We have isomorphisms 

HYYUiY°-)Y/anHY'^iUY<Jnr = HY‘^iUYa°°))[a^Y 

= HY\uY<yn.E/oY 
^Homo(iJ^^'i(C/i(a"), 0 ), 0 ). 

by Lemma 1531 By LemmaE^l the space iL“‘^(C/i(tT"), O) is a free C>[(C/o(tT") fl C/i(tT))/f7i(CT"’)]-module. It 
follows that for all n > 1 the module 

HYYU^{any 

is free over A/a„A = A„, hence Hff'^{Ui{a°°)Y is free over A of rank dim^ Hff'^{Ui{a),k)- Combining these 
facts completes the proof of the proposition. □ 

Associated to the automorphic representation ttq is a homomorphism EjO)) —>■ Fp, 

which in fact takes values in k (since rfiro) = p(g)/j Fp can be defined over k, and the elements ay {v € Qq) 
lie in k by construction). We write m C Tg^^(iJ”‘^(17i(cr°°))) for the kernel of the composite 

^ T^f{HYyUYa),E/0)) ^ k. 

Proposition 6.5. There is a lifting of f to a continuous representation 

such that for all finite places v ^ SpU QoU RU {a} of E, pm is unramified and prn(Frobt,) has characteristic 
polynomial — TyX + qySy. {This lifting is then unique, up to strict equivalence.) Moreover, pm is of type 

S. 

Proof. It suffices to construct, for each n > I, a homomorphism Rs —>■ Tq^ {H!)p'^{Ui{a'^), E/0))m satisfying 
the relation trp 5 (Frob.„) !->■ Ty and detp 5 (Frob^) !->• qySy for all u ^ Qo U i? U Sp U {a}. Indeed, these 
conditions characterize such a homomorphism uniquely, because the ring Rs is topologically generated as 
a A-algebra by the traces of Frobenius elements, by [Car94) . We can then pass to the limit to obtain the 
desired homomorphism Rs Tq^ {H!ft'^{Ui{a°°)))m. 

For each n > I, there is an isomorphism of algebras: 

r^f{HYyuftaY,E/o)),p Go Qp = e.Qp 

and a corresponding isomorphism of spaces of automorphic forms: 

GoQp = 

(Here, we write ( 6 “^ 7 r°°)*^’°''‘^ C {i~^Tr°°)'^ for the largest subspace where Uo- operates with eigenvalues that 
are p-adic units.) In each case, the direct sum runs over the set of cuspidal automorphic representations tt 
of GL 2 (Ai;’) of weight 2 which satisfy the following conditions: 

• {L~^Tr°°)^^^'^ ft 0. In particular, for each v G a, iiy is i-ordinary. 

• There is an isomorphism (tt) = p. 

• The central character of -k is iif. 

• For each place v G Sp — a, iTy is not i-ordinary. 
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• For each finite place z; ^ ct U Qo U i? of F, 7r„ is unramified. 

• For each place v € Qq U R, iTy is an unramified twist of the Steinberg representation. For each place 

V G Qo, the eigenvalue of Ut, on is congruent to ay, modulo the maximal ideal of Zp. 

There is a corresponding homomorphism Rs —>■ © 7 rQp, with image contained in Tq^E/ 0))m- 
This gives the desired map Rs —>■ TQ^^(F”‘^(17i(cr"), E/0))m- □ 

It follows that has a structure of i? 5 -module. We can now state the main theorem 

of this section. 

Theorem 6.6. Suppose that hg j,{Mi{l)) = 0 {notation as in T5.5|) . Then Fitt/j^ H^'^‘^{Ui{a°°))'^ = 0. 

The proof of Theorem 16.61 will be given in 116.31 below. 

Corollary 6.7. Let C,N,n> 1 be integers. Suppose that dim^ fc)[m] < C, and suppose that 

there is a diagram 

A Ayj 


Rs - 

corresponding to a lifting pM '■ Gp —>■ GL2(0/A^) o/p which is of type S. Let I = ker(i ?5 — >■ 

Then {Hp{Ui{a'^),0)m <S>o O/^contains an O-submodule isomorphic to O/, and the map 
Rs —>■ factors 

Rs T^f^^-{H°-‘^{U,{a^),E/OU) ^ 

Proof of Corollary \6.T\ Let J = ker(i ?5 —>• O/X^), so that I = {J, Since formation of the Fitting 

ideal commutes with base extension, Theorem 16.61 implies that Fitto/A^^ LT{p'^{Ui{a°°))'^ (Sipg O/X^ = 0. 
We have isomorphisms 

H°^^‘^{U,{a°°))l ®Rs O/X^ = H;^'^{U,{a^))l/JH;^<^iU^{anZ 

^H;^<^{Ui{a°°)UJr 
= H;^'^{u,{an,o/x^UJ]\ 


Similarly, there is an isomorphism 

F;'''i(C/i(a“))X k - H°^^'^iU,{an,kUm]\ 

It follows that H^‘^{Ui{a^),0/X^)m[J]'^ is generated as O/A^-module by at most C elements. Since its 
Fitting ideal as O/A^-module is trivial, it contains a copy of . The desired result follows on taking 

Pontryagin duals. □ 

6.3 Patching and the proof of Theorem 16.61 

We continue with the notation of the previous section. Suppose given a finite set Qi of finite places of E, 
disjoint from SpU QqC RU {a}, and satisfying the following conditions. 

• For each n £ Qi, we have qy = 1 mod p. 

• For each v £ Qi, p(Frobt,) has distinct eigenvalues a„,/3„ £ k. 
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We write Aq^ for the maximal p-power quotient of ni>eQi j C 0[Aq^] for the augmentation ideal, 

and for the Taylor-Wiles augmented deformation problem: 

^Ql — {P: ^ "07 U i? U Ql, u {ll^}i;£SpUQoU-RUQi—fT7 

Let PSq-^ ■ Gf —t GL 2 (-R 5 q^) be a representative of the universal deformation. Then for each v £ Qi there 
are continuous characters Ay, By : G|!^ —>■ which modulo are unramified and take Frob^ to 

av,Pv, respectively, and an isomorphism 

I f Ay 0 \ 

PSq,\gf„ ^ 0 By ) ' 

The universal deformation ring Rsq then acquires a natural structure of 0[AQj]-algebra, built from the 
maps {v € Qi)- 

a !->■ Aj,(ArtF„ (ct)). 

Moreover, the map Rsq I<^Q]_Rsq Rs is an isomorphism. We now introduce auxiliary Hecke modules. 
Let iLo = 

Lemma 6.8. With notation as above, there exists an RsQ^-module Hq^, free over A[AqJ, and equipped 
with a canonical isomorphism Hq^^/uq-^^Hq-^ = Hq of Rg-modules. 

Proof. We define open compact subgroups 17o(Qi) = Op Uo{Qi)v and Ui{Qi) = Ui{Qi)y of U as follows. 

• If u ^ Qi7 then Uo{Qi)y = Ui{Qi)y = Uy. If u S Qi, then Uo{Qi)y = Uo{v). 

• If u G Qi, then there is a canonical homomorphism from Uq{v) to the maximal p-power quotient of 
k{v)^, given by 

a b \ ,_i 

, !->■ ad . 

c d J 

We define Ui{Qi)y to be the kernel of this homomorphism. 

Thus Ui{Qi) is a normal subgroup of Uo{Qi), and there is a canonical isomorphism Uo{Qi)/Ui{Qi) = Aq^. 
The Hecke algebra acts on each space H^'^‘^{Ui{a^)r\Uo{Qi), A) and iL”‘^(C/i(cr"')n t7i((5i). A). 

We recall that there is a homomorphism / : {Ui{a), E/O)) —>■ k with kernel m. We write 

mg^ for the maximal ideal of (id“'^(t/i(cr)nt7o(Qi), if/O)) generated by ttia, the elements Ti, — /(T„) 

{v ^ S yj Qi) and the elements U„ — a„ {v G QoU Qi). We also write rriQj for the pullback of this maximal 
ideal to (id”‘^(f/i(cr)nC/i((5i), if/O)). Then, just as in |Tay06[ §2], one can show the following facts: 

• for each n > I, there is an isomorphism 

of A-algebras, and a corresponding isomorphism 

n UoiQi),E/OU^^ ^ H°^^iU^ia^),E/0)m 

of Hecke modules; 

• and for each n > 1, the A-subalgebra of EndA(id”‘^(C/i(cr"’) fl Ui{Qi), E/0))mQ^ generated by C>[AqJ 
is contained inside Tgj^^^(iJ“‘^([/i(tT") fl Ui{Qi),E/0))mqj^, and there is a natural map Rsq^ 

of A[AQj-algebras satisfying the condition trpsgjFrob^) H> 
Ty and det psq^ (Frobt,) !->■ Sy for all u ^ U i? U Qo U {a} U Qi. 
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We therefore define 


so that 

Tgfu'Q;n U^{Qi))) 

and 

so that 

Tofu'e/n t/i(Qi))) 

and finally 

It follows from Lemma [6.21 that each 

iL;''‘^(C7iK) n U^{Qi),E/OY ^ Homo(iL;'''i(C7i(a") n C/i(Qi), O), O) 

is free over A„[AqJ, and hence that Hq^ is free over A[AqJ. We already know that Hq^ is a i? 5 Q^-module; 
it remains to show that there is an isomorphism Hq-^/(Xq-^Hq-^ = Hq of i? 5 -modules. However, we have seen 
that there is an isomorphism 

n C/i(Qi))n,<,JaQj = n Uo{Qi))mc, = 

of i? 5 -modules, and dualizing this statement now gives the desired result. □ 

The following lemma is a consequence of Proposition 15.241 and Proposition 15.101 

Lemma 6.9. Let q = hg .j.(Mo(l)). (We recall that hg rp[Mi{l)) = 0, by assumption.) Then for all integers 
N >1, there exists a set Qn of primes satisfying the following conditions: 

• Qn n (Sp LI Qo LI RU {a}) = 0 and ffQN = Q- 

• For each v G Qn, Qv = ^ mod p^. 

• For each v G Qn, p(Frob^) has distinct eigenvalues ay,l3y G k. 

• ^SQ„.T(ad°p(l)) = 0. 

• The ring R^q can be written as a quotient of a power series ring over -Ag^ = Ag in q — [F : 
Q] — 1 + ffT variables. 

We can now prove Theorem 16.61 Let i?oo = kl^lAi,..., Aq_[p’.Q]_i_|_^r]. Then (cf. IBLGHTlTl 
Lemma 3.3]) i?oo is reduced, and for each minimal prime Q C A, Speci?oo/(Q) is geometrically irreducible 
of dimension 

dimA^ + g-[F:Q]-l + #r=l + ^2[F„:Q]+ ^ [F„ : Q] + 3#r + g - [F : Q] - 1 + #r 

v£(T V^Sp — (T 

= dimA + g- 1 + 4#T, 


= limiL;'''^([/i(a") n UoiQi),E/0) 

n 

= n UoiQi), E/O)) 

n 

= limiL5'-'^(t/i(a’^) n t7i(gi),F/0) 

n 

= n C/i(Qi), E/O)) 


= (lj^H°^\U,ia^)nU^{Qi),E/0)^^^ 
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and its generic point is of characteristic 0. Fix vq S T, and let T = 0\{Y^ j}y^T\/(Yi\)- Fix a representative 
PS of the universal deformation over Rs-, and for every N a representative over Rsqj^ that specializes 

to this PS- We then get compatible isomorphisms 

R% — Rs®oT^ 

- Rsq^®oT 

corresponding to the strict equivalence classes of the universal T-framed liftings 

(P5, (1 + {Yi\j))veT), 

We write Aqo = and fix for each N a surjection Aoo —>■ Aq„. Let Soc, = A|Aoo|(g)oT, and let 
Uoo C Soo denote the kernel of the augmentation homomorphism Soo A. Then the rings Rg and Rsq 
become 5 ' 00 -algebras, via the isomorphisms (16.41) and (16.51) . and the modules Hq = Hq Rs and Hq,-^ = 
Hqn ®Rsq A(8)c)T[Aqjv]. By a standard patching argument (cf. |Thol2l Lemma 6.10] 

or the proof of [Gerl Theorem 4.3.1]), we can construct the following data: 

• A finitely generated i?oo-module iLoo- 

• A homomorphism of A-algebras Soo —>■ Roo, making Hoo a free 5oo-niodule. 

• A surjection Roo/<^ooRoo —>■ Rs and an isomorphism Hoo/aooHoo — Ho of i?s-modules. 

Let Q C A be a minimal prime. Then Hoo/(Q) is a free Soo/ (Q)-module and Soo/(Q) is a regular local ring. 
In particular, we have 


(6.4) 

(6.5) 


depth^^/(Q)7Joo/(Q) > depths_^/(Q)iLoo/(Q) = dim5oo/(Q) = dimi?oo/(Q). 

By |Tay08[ Lemma 2.3], we see that Hoo/{Q) is a nearly faithful i?oo/((5)-niodule. Since Q was arbitrary, 
we see that Hoo is a faithful i?oo-niodule. (i?oo is reduced.) It follows that Fitt^^ Hoo = 0, hence 

FittHs{Hoo Rs) = Fittij^ Hq = 0 , 


as desired. 


7 Deduction of the main theorem 

In this section, we deduce the results stated in the introduction. There are 3 main steps. First, we verify 
the residual automorphy of the Galois representations under consideration. We then use this to prove an 
automorphy result under favorable local hypotheses. Finally, we show that the general situation can always 
be reduced to this one using soluble base change. 

7.1 Some preliminary results 

We will often refer to the following lemma without comment. 

Lemma 7.1. Let F be a totally real number field, and F'/F a soluble totally real extension. Let p be a 
prime, and fix an isomorphism t : Qp —>■ C. 

1. Let TT be a cuspidal automorphic representation of GIj 2 {Af) of weight 2, and suppose that rfiTr)\ap, 
is irreducible. Then there exists a cuspidal automorphic representation ttri of GL 2 (A^') of weight 2, 
called the base change of tt, such that rfi-Kp/) = r,,(TT)\Gpi- 
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2. Let p : Gp ^ GL 2 (Qp) be a continuous representation such that plop, *5 irreducible, and let tt' be a 
cuspidal automorphic representation of Gh 2 {AF>) of weight 2 such that p\Gp, — ^^(Tr'). Then there 
exists a cuspidal automorphic representation tt of GL 2 (Af) of weight 2 sueh that p = rt(7r). 

Proof. The lemma may be deduced from the main results of [LanSOj . using the argument of [BLGHTTTI 
Lemma 1.3]. □ 

Theorem 7.2. Let F be a totally real field, letp be an odd prime, and let p : Gp —t GL 2 (Qp) he a continuous 
representation. Suppose that the following conditions hold. 

1. [F : Q] is even, and [A((p) : F] is divisible by 4- VVe write K for the unique quadratic subfield of 
F{fp)/F, which is therefore totally real. 

2. There exists a continuous character x '■ Gk —t Fp and an isomorphism p = Indg^ y. 

3. Let w G Ga\{K/F) denote the non-trivial element. Then the character j = x/x^ remains non-trivial, 
even after restriction to Gp(^i^^'j. In particular, p is irreducible. 

4 . The character if = edetp is everywhere unramified. 

5. The representation p is almost everywhere unramified. 

6. For each place v\p, p\gf semi-stable and p|gf trivial. For each embedding t : F ^ Qp, we have 

HT,(p) = {0,l}. 

7. Ifv]pis a finite plaee of F at which p is ramified, then Qv = ^ mod p, WD(p|gf^ 'jF-ss ^ recp (St 2 (Xv)), 
for some unramified character Xv '■ Fy —t Qp , and p|gf„ is trivial. The number of such places is even. 

8 . There exists a cuspidal automorphic representation tt o/GL 2 (Ap’) of weight 2 and an isomorphism 
L : Qp —>■ C satisfying the following conditions: 

(a) There is an isomorphism ri( 7 r) = p. 

(b) Ifv\p and p is ordinary, then 7 r„ is i-ordinary and ^ 0. If v\p and p is non-ordinary, then 

TTy is not L-ordinary and Py is unramified. 

(c) If v f poo and p\gf„ unramified, then Py is unramified. If v \ poo and p|gf„ is ramified, then 
Py is an unramified twist of the Steinberg representation. 

Then p is automorphic: there exists a euspidal automorphie representation p' o/GL2(Ai7’), of weight 2 and 
an isomorphism p = r,,{p'). 


Proof. After possibly replacing p by a conjugate, we can find a coefficient field E such that p is valued in 
GL 2 ( 0 ) and x is valued in . We prove the theorem by showing that p satisfies the conditions of Gorollary 
14.151 To do this, we will apply Theorem 16.61 and its corollary. We therefore fix an integer iV > 1. We write 
cr <Z Sp for the set of places such that p|gf„ ordinary, and R for the set of places not dividing p at which 
Py is ramified. 

We consider the global deformation problem 


S — (p, e ^'0, Sp U R, {Atjjijgo- U {0}y^SpVjR-a, {R', 


lOrd 


}vea U {Vy 


-ord 


U {VyjyeR) 


and set T = Sp U R. By Proposition 15.201 we can find a finite set Qo of finite places of F, disjoint from 
Sp U R, and elements ay € k (v € Qo) all satisfying the following conditions: 

. #Qo = 2\h^s,AMi{l))/2). 

• For each v G Qo, the local deformation problem is defined. 
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• If SQg denotes the augmented global deformation problem 


^Qo — iPi ^ U U Qo; \^^v\ v^(7 U \^^\vGSpURuQo — (Ti 


{Pr U {V~^h^sp-. U 


' U {Pf 




IjjGQo)) 


then = 0 . 

By Lemma |4.131 we can find an cuspidal automorphic representation ttq of GL 2 (Ai?) of weight 2, satisfying 
the following conditions: 

• There is an isomorphism of residual representations r^(7ro) = p. 

• If z; G O', then ttq,^ is t-ordinary and ^ 0. If v € Sp — a, then 7 ro,„ is not i-ordinary and 7 ro,„ is 

unramified. 

• If u ^ SpURUQo is a finite place of F, then 7 ro_„ is unramified. If z; G RUQg, then ttq^^ is an unramified 

twist of the Steinberg representation. If z; G Qo, then the eigenvalue of U„ on is congruent 

to ay modulo the maximal ideal of Zp. 

(In order to apply Lemma 14.131 we must first fix a choice of auxiliary place a. We choose any place a 
satisfying the conclusions of Lemma 16.11 1 After replacing ttq by a character twist, we can assume in addition 
that ttq has central character tip. (We use here that p is odd.) The hypotheses of Theorem 16.61 are then 
satisfied with respect to the deformation problem Sq^ . 

Let S = SpURU {a}, and let m 0 C be the maximal ideal corresponding to the automorphic 

representation zr; thus m 0 is in the support of F[r{U). We set Cg = dim.k{Hii{U) ®o fc)[Ta 0 ]. It follows from 
Proposition 14. 1 21 that (notation being as in 94.81) 

d\mk{HRuQg{UQg) ®o fc)[tnQo] < d*^°Cg. 


We can then apply Corollary 16.71 with C = 4^^°Cg and n = 1 (use that, in the notation of that corollary, 

( Uqo , A:) is a submodule of HjujQo ( Uqq )(Siok). It follows that there is a homomorphism (iL_RuQo ( Uq^ )) —>■ 

(^/^L^/GJ .^ith the following properties: 

• For each finite place z; ^ S' U Qo of F, we have f{Ty) = tr p(Frob„) mod . 

• {HihjQo{Uqo) Cio contains an O-submodule isomorphic to . 

The conditions of Corollary [4T5] are therefore satisfied. Indeed, it suffices to remark that the quantity 


C = 4*^oc^ = ^2\h%^AMRi))/2\ dimfc(iLfl(17) ®o A:)[m0] 


is independent of N. This completes the proof. □ 

Lemma 7.3. Let F be a totally real field, let p be an odd prime, let i : Qp C be an isomorphism, and 
let p : Gf —!> CL 2 (Fp) be a continuous representation. Suppose that detp is totally odd, thafp is absolutely 
irreducible and unramified at the places of F above p, and that there exists a quadratic extension K/F such 
thatfilcK *■3 reducible. Then there exists a cuspidal automorphic representation zr o/CL 2 (Air) of weight 2 
and satisfying the following conditions. 

1. For each place v\p, iTy is i-ordinary. 

2. There is an isomorphism rfii:) = p. 

3. For each finite place v ^ Sp of F at which p is unramified, zr„ is unramified. 
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Proof. By automorphic induction, there exists a Hilbert modular newform f of parallel weight 1 (in the sense 
of [Wil 88 ) i associated to the Teichmiiller lift of p, which has level prime to p. By |Wil 88 [ Theorem 3], there 
exists a cuspidal automorphic representation tt of GL 2 (Ai;’) of weight 2 such that rt( 7 r) = p, with associated 
Hilbert modular newform contained in a A-adic eigenform passing through f . In particular, tt is i-ordinary 
by construction, and is ramified only at places of F dividing p or at which p is ramified. □ 

Corollary 7.4. Let F be a totally real field, let p be an odd prime, let i : Qp <C be an isomorphism, and 
letf : Gf GL 2 (Fp) be a continuous representation. Suppose that detp is totally odd, thafp is absolutely 
irreducible and unramified at the places of F above p, and that there exists a quadratic extension K/F such 
that p|gk reducible. Let Vq be a finite set of finite places of F, not containing any place above p or at 
which p is ramified, and let a be a set of places dividing p. Then there exists a soluble totally real extension 
F'/F in which every place o/Vq splits, and a cuspidal automorphic representation tt' of GIj 2 {Af') of weight 
2 and satisfying the following conditions. 

1. If V is a place of F' above a place of a, then 7r(, is i-ordinary. If v is a place of F' dividing p but not 
dividing a place of a, then 7 r(, is unramified and not i-ordinary. 

2. Ifv\pTX), then tt'.^, is unramified. 

3. There is an isomorphism rfi-K') = pjg^,, and'p\Gp, is absolutely irreducible. 

Proof. Let E/F denote the extension of F cut out by p. After possibly enlarging Vq , we can assume that it 
satisfies the following conditions: 

• For any Galois subextension E/M/F with Gal(M/F) simple and non-trivial, there exists v G Vq which 
does not split in M. 

• The set Vq does not contain any place dividing p or at which p is ramified. 

Then any Galois extension F'/F in which each place of Vq splits is linearly disjoint from E; in particular, 
pIg^/ will be absolutely irreducible. 

Let TT be an automorphic representation of GL 2 (Ai^’) satisfying the conclusion of Lemma 17.31 After 
possibly replacing F with a preliminary Vb-split soluble extension (and tt by its base change), we can assume 
that [A : Q] is even, and that for each place v of F, either 7 r„ is unramified, oi v G Sp and TTy is an 
unramified twist of the Steinberg representation, or (/„ = 1 mod p and iTy is an unramified twist of the 
Steinberg representation. By Lemma 15.41 we can find a cuspidal automorphic representation tt" of GL 2 (Ai 7 ’) 
of weight 2 with the following properties: 

• li V G a then tt" is i-ordinary. li v G Sp — <j then tt" is supercuspidal. 

• If u I poo and TTy is ramified, then tt" is a ramified principal series representation. 

• There is an isomorphism of residual representations rfiTr) = rfiTr"). 

It now suffices to choose F' jF to be any soluble Vb-split extension with the property that tt' = Tr'fi, is 
everywhere unramified (except possibly at the places of F' above a). Indeed, it only remains to check that 
if u is a place of F' above Sp — a, then rt(7r')|Gp, is crystalline non-ordinary, and this follows from Lemma 

[Ql ” □ 

7.2 The main theorem 

Theorem 7.5. Let F he a totally real number field, let p be an odd prime, and let p : Gp GL 2 (Qp) be a 
continuous representation satisfying the following conditions. 

1. The representation p is almost everywhere unramified. 

2. For each place v\p of F, p\gf„ is de Rham. For each embedding t : F ^ Qp, we have HT^(p) = {0,1}. 
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3. For each complex conjugation c € Gp, we have detp(c) = —1. 

4 . The residual representation p is absolutely irreducible, yet is a direct sum of two distinct 

characters. The unique quadratic subfield K of F{fp)/F is totally real. 

Then p is automorphic: there exists a cuspidal automorphic representation tt o/GL 2 (A^) of weight 2, an 
isomorphism 6 : —>■ C, and an isomorphism p = rfiir). 

Proof. Replacing p by a twist, we can assume that e det p has order prime to p. Let E/F denote the extension 
of F{(p) cut out by Let Vq be a finite set of finite places of F satisfying the following conditions: 

• For any Galois subextension E/M/F with Gal(M/F) simple and non-trivial, there exists v G Vq which 
does not split in M. 

• The set Vb does not contain any place dividing p or at which p is ramified. 

To prove the theorem, it will suffice to construct a soluble extension F'/F in which every place in Vq splits, 
and such that plcp, satisfies the conditions of Theorem 17.21 Indeed, it then follows that there exists an 
automorphic representation tt' of GL 2 (Ai?/) of weight 2 such that plcp, — and the automorphy of p 

follows by Lemma ITTI (We note that since F' is Vb"Split it is linearly disjoint from the extension E/F, and 
in particular the representation p\Gpi is irreducible, even after reduction modulo p.) 

In fact, it will even suffice to construct a possibly non-Galois extension F'/F which is Vb"Split, which 
has soluble Galois closure, and such that p\Gp, satisfies the conditions of Theorem l7.2l Indeed, the preceding 
argument can then be applied to the Galois closure of F'/F. We now construct such an extension. 

Replacing A by a Vo"Split soluble extension, we can assume that p satisfies in addition the following 
conditions: 

• For each place v\p of F, p\gf„ is semi-stable and p|gf„ i® trivial. 

• If u j p is a finite place of F at which p is ramified, then WD(p|gf„ — rec^^^ (St(x„)), for some 

unramified character Xv '■ Ffi —>■ , and p|gf„ i® trivial. 

Fix an isomorphism i : Qp —>■ C. By Gorollary 17.41 we can assume after again replacing A by a soluble 
extension that there exists a cuspidal automorphic representation tt" of weight 2 satisfying the following 
conditions: 

• There is an isomorphism rfip") = p. 

• If u|p and p is ordinary, then tt" is i-ordinary. 

• If u|p and p is non-ordinary, then tt" is unramified and rfi'K'')\Gp^ is non-ordinary. 

• If u I poo then tt" is unramified. 

Arguing as in the proof of [KisOQbl Lemma 3.5.3] and replacing F by a further soluble extension, we can 
assume that there exists a cuspidal automorphic representation tt of weight 2 satisfying the following condi¬ 
tions: 

• There is an isomorphism (tt) = p. 

• If ujp and p is ordinary, then is i-ordinary and 0. 

• If ujp and p is non-ordinary, then 7 r„ is unramified and rt(7r)|GF„ i® non-ordinary. 

• li V \ poo and p is unramified, then 7 r„ is unramified. If u f poo and p is ramified, then is an 
unramified twist of the Steinberg representation. 

The hypotheses of Theorem 17.21 are now satisfied, and this completes the proof. □ 
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7.3 Application to elliptic curves 

We now prove Theorem ll.il 

Theorem 7.6. Let F be a totally real number field, and let E be an elliptic curve over F. Suppose that: 

1. 5 is not a square in F; 

2. and E has no E-rational 5-isogeny. 

Then E is modular. 

Proof. Let p : Gp GL 2 (Q 5 ) denote the representation associated to the action of Galois on the etale 
cohomology H^{Ep,'L^), after a choice of basis. We must show that p is automorphic. The condition that E 
has no T’-rational 5-isogeny is equivalent to the assertion that p is irreducible, hence absolutely irreducible 
(because of complex conjugation). If is absolutely irreducible, then p is automorphic by |FLHS1 

Theorem 3]. 

We therefore assume that is absolutely reducible. It then follows from |FLHS[ Proposition 

9.1, (b)] that the projective image of p in PGL 2 (F 5 ) is isomorphic to F 2 x F 2 . In particular, 'p\gp(i^^) is 
non-scalar, as Gsi\{F {C^^)/ F) is cyclic. The hypotheses of Theorem 17.51 are now satisfied, and we deduce the 
automorphy of p in this case as well. □ 

As an example of Theorem 17.61 we consider the elliptic curve over Q: 

E : y'^ + y = — 350x -I- 1776. 

Let p = pe ,5 ■ Gq —>■ GL 2 (Q 5 ) denote the representation afforded by H^{Eq,Z 5 ) after a choice of basis. 
The j-invariant of E is 552960000/161051 = 2^® x 3^ x 5^ x 11“^. The curve E acquires good supersingular 
reduction over the extension Q 5 (-^) of Q 5 . One can check that the curve E has no 5-isogeny defined over 
Q, but acquires a 5-isogeny over Q(-\/5). (We performed these calculations using sage |S+13) .l 

More generally, if F is any totally real number field such that F'nQ(C 5 ) = Q and 'p\gf i® irreducible, 
then the elliptic curves E' over F with p^, 5 = pjop are parameterized by P^(F) (see the proof of [DDT971 
Lemma 3.49]), and Theorem 17.61 implies that all of these curves are modular. 
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